CHAPTER 7
Trigonometric Identities and Equations

Getting Started, p. 386

1. a) Do the following to isolate and solve for x:

3y —7=5-9x
3v~—7+9¢ =5—-9¢ + 9x
Ry —~7=25
12¢ -7+ 7=5+7
12x = 12
12¢ 12
12 12
x =1

b) Do the following to isolate and solve for x:

X 1
2 +3) — ===
(x +3) i
X 1
2e+6 —— =~
’ 42
X 1
2x+6—-——-—6==——-6
! 4 2
X 11
2y — o=
2x 7 5
v _ 1
4 2
Tx 4 i1 4
—_— X - = = X —
4 7 2 7
44
X = ——
14
22
X = -
7

¢) Factor the left side of the equation and solve for
x as follows:

¥ =5r—24=0
(x = 8)(x +3) =0

x—8=0orx+3=0
r—8+8=0+8orx+3-3=0-3
y=8orx = —3

d) Move all terms to the left side of the equation,
factor. and solve for x as follows:

6x° + tlx = 10
637 + 1lx — 10 =10 — 10
60 + 1y — 10 =0
(3x = 2)(2x + 3y =0
3v—-2=4(0 or 2y +5 =0
Sy —2+2=0+2mw2x +5—-35=0-15
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3x =20r 2x = =5
3x 2 2x 5
37395775

2 5
,L‘ZEOI‘ ,X‘,Z——z—

¢) Use the quadratic formula to solve for x as
follows:
©+2x—-1=0

—b * Vb — dac

X =
20
L2 V(2 - 4(1)(-1)
) 2(1)
2= V4A+4
X = 2
-2+
X = 2
-2 +2\2
r=-—-
2
v=—1+V2

) Move all terms to the left side of the equation and
use the quadratic formula to solve for x as follows:

3¢ =3y + 1
3¢ - 3x—1=3x+1 -3¢ 1
3¢ -3y —1=0
bV
T 2a
E_Bt\/(~3)3~4{3)("1)
' 2(3)
EERCERE
X = — 6 T
3+ V21
R=

2. To show that AB = CD. the distance formula
should be used as follows:

First for AB:

d = \/‘/(,r; - ) F (v — v

d = \;fi(z S (% - ())i

7-1



1

d= + =

1 4
5
|
V5
d=—
2

Now for CD:

d=Vm -1t 0= 9y

o (s
o

d

U

i i
NI&! m B S

+ [N ERE

[ &

d =
d =
So, AB = CD.
3.a)sin A = opposite side _ _&i;
hypotenuse
g 4 <
cos A = adjacent side _ 1_3;
hypotenuse 17
tan A = opposite s.ide _ 8
adjacent side 5
h 7
csc A = ypot.enu.se _ 17
opposite side 8
h
ec A = Ypotenu.se _ 1_’17;
adjacentside 15
adjacentside 15
COtA = ————F— = —

opposite side 8
b) To determine the measure of /A in radians, any
of the ratios found in part (a) can be used. In this

]
sin T

sin"'(sin4) = sin”! 8

17

8

m/ZA =sin"'—

17

msA = 0.5 radians
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¢) From the figure:

15
N
sin %
15
o) (1)
sin”" (sin B) = sin 7
m/B = sin™! (E>
17
miB = 61.9°
4, a) Ay
4_
2._
P(=2,2) \9, X
_l —I O T T
4-20 2 4
_4_

b) Drawing a segment from (—2,2) down to the
negative x-axis forms a right triangle with two legs
of length 2. The tangent of the related acute angle is
2or .

The measure in radians of the acute angle that has a

tangent equal to 1 is %, so the value of the related

.7 -
acute angle 1s n radians.

¢) Since the point at {—2, 2) is in the second
quadrant, the terminal arm of the angle 8 must also
be in the second quadrant. Since the angle with a
terminal arm in thc second quadrant and a tangent

of —1 measures —4— radians, # = T radians.
5. a) The x-coordinate of point A is cos Z, while the

. . LT .
y-coordinate is sin T Therefore, the coordinates of

V2 \/)

point A are ( The x-coordinate of point B

is cos ~3~, while the y-coordinate is sin 5. Therefore,

the coordinates of point B are (i \43) The
. . . 2 .
x-coordinate of point C is cos —, while the
3

y-coordinate is sin _2_?:2 Therefore, the coordinates of
point C are ( 55 } The x-coordinate of point [ the
1S cOS %’ while the y-coordinate is sin 5-. Therefore,

coordinates of point D are <~%3 %) The x-coordinate
of point £ is cos 1671 while the y-coordinate is sin Zgz
Therefore, the coordinates of point E are («% "%)

. . . S .
The x-coordinate of point £ is cos ?' while the
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. .. S .
y-coordinate is sin e Therefore, the coordinates of
point F are (—‘7? —%) The x-coordinate of point

. 4ar . . . A
G is cos 3 while the y-coordinate is sin —.
2

Therefore, the coordinates of point G are (~§, —-\z—ﬁ)

. - . . 57 .
The x-coordinate of point H is cos _;I while the

. . . 5w .
y-coordinate is sin B Therefore, the coordinates of

point H are (% —%) The x-coordinate of point I is
Tar

4
the coordinates of point [ are (%—: ~—V§Z) The

. . .o .
cos—, while the y-coordinate is sin e Therefore,

. . . IRk .
x-coordinate of point J is cos = while the

. | .
y-coordinate is sin —57—7- Therefore, the coordinates
of point J are (%’ —%)

. 3, . .
b) i) cos 17—{ is equal to the x-coordinate of the point

)]

(¥

A3 37 /
at (—% ¥ 50 cos PR

SR & . .
ii) sin s equal to the y-coordinate of point J,

10|

N¢J siny—z = —
6 - -

iii) cos 7 is equal to the x-coordinate of the point at

(—1,0),s0cosm = —1.

. W . . .
iv) cscé 1s equal to the reciprocal of the y-coordinate

. 3 7 1
of the point at (£, 1), so csc:6Z =-=2
6. a) Since tan x = —1, the leg opposite angle x in a
right triangle has a length of 3, while the leg adjacent
to angle x has a length of 4. For this reason, the length
of the hypotenuse can be calculated as follows:
P+ 4=

9+ 16 = 7*
25 = 7?
Z=5

Therefore, if the angle x is in the second quadrant,
the other five trigonometric ratios are as follows:

, opposite leg 3
sin x = —PPOSTE e -
hypotenuse 5
adjacent leg 4
oSy = ———————= = ——
hypotenuse 3
hypotenuse 3
csCxy = ——————— = —
opposite leg 3
hypotenuse S
SEC.Y = e = L
adjacent leg 4
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adjacentleg 4

opposite leg 3

If the angle x is in the fourth quadrant, the other
five trigonometric ratios are as follows:

oppositeleg 3

cotx =

s hypotenuse 5
adjacentleg 4
Cosxy = ——————= = —;
hypotenuse 5
B c
csex = ypot.enuse _ “2:
opposite leg 3
h <
sec x = —ypotenuse 2.
adjacentleg 4
adjacent leg 4
cotx = ———— = ——

opposite leg 3

b) To determine the value of the angle x, any of the
ratios found in part (a) can be used. If x is in the

-
3

second quadrant, sin x = 3, 0 x can be solved for as
follows:

sinx = —
5

sin”! (sinx) = sin"‘(%}

x = sin™! <§)
i 5

x =25
If x is in the fourth quadrant, sin x = -2, 50 x can
be solved for as follows:

sinx = ——

sin”! (sin x) = sin™! <~§>

X = 5.6
7.a) tan 6 = 20
cos 8
b)sin’6 + cos?§ = 1 is true.

cos 6 # 0 is true.

1 . . . .
¢)sech = e sin @ # 0 is false, since sec @ is the
Sin

reciprocal of cos 6, not sin 8.
d) cos® 6 = sin" § — | is false. This can be shown
by performing the following operations:
cos” 6 = sin’ @ — |

cos”f + L =sin’# — 1+ 1

cos h + 1 =sin’ @
cos @ + 1 — cos’ 8 = sin’ 6 — cos’ ¥

sin*# — cos’ 8 = |
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Since sin § + cos* @ = 1 is true, b) The trigonometric functions y = cos # and

sin’ @ — cos® 6 = 1 must be false. y = sin (6 + E) are equivalent. Since the period
2} 1 + tan® @ = sec’ 6 is true 2 _
‘ cos@ . ) of y = sin (6 + ~) is 277 radians, the graph repeats
ficot# = ——, sin 8 # 0 is true. : 2/ . .
sin 6 itself every 27 radians. Therefore, three possible
%. The sinusoidal function y = sin x is transformed ~ equivalent expressions for the graph using the sine
into the function y = asink(x — d) + c by function are y = sin (5} + E) y = sin <9 - 571)
vertically stretching or compressing the function S 2 2
v = sin x by a factor of @, horizontally stretching or ~ and y = sin (9 + 7)
compressing it by a factor of i, reflecting it in the 2. a) The graph of the trigonometric function
~axis if @ < 0, reflecting it in the y-axis is k < 0, y = csc # is symmetric with respect to the origin,
ertically translating it ¢ units up or down, and s0 y = csc 0 is an odd function. Therefore,
horizontally translating it & units to the right or the ~ ©5¢ (—6) = —csc . The graph of the trigonometric
ift Therefore, an appropriate flow chart would be ~ function y = sec is symmetric with respect to the
L follows: y-axis, so y = sec 6 is an even function. Therefore,
sec (—60) = sec 6. The graph of the trigonometric
Perform a vertical stretch/compression by a function y = cot 6 is symmetric with respect to the
factor of |a|. origin, so y = cot f is an odd function. Therefore,
cot (—6) = —cot 8.
, Y b) If the graph of the trigonometric function
i ] ] y = csc 6 is reflected in the y-axis, the equation of
Use || to determine the horizontal the resulting graph is y = csc (—8). Also, if the
stretch/corapression. graph of y = csc 6 is reflected in the x-axis, the
equation of the resulting graph is y = —csc 6. Since
Y the graph of y = csc 8 is symmetric with respect to
Use a and & to determine whether the function is | the origin, a reflection in the y-axis is the same as a
‘ reflected in the v-axis or the x-axis. reflection in the x-axis. Therefore, the equation
- csc (—0) = —csc 6 must be true. If the graph of the
¥ trigonometric function y = sec § is refiected in the
Perform a vertical translation of y-axis, the equation of the resulting graph is
¢ units up or down. y = sec (—@). Since the graph of y = sec ¢ 1s
symmetric with respect to the y-axis, a reflection of
Y the function in the y-axis results in the function itself.
. Perform a horizontal translation of d units to Therefore, the equation sec (—6) = sec § must be
the right or the left. true. If the graph of the trigonometric function

y = cot 6 is reflected in the y-axis, the equation of
the resulting graph is y = cot (—8). Also, if the

- . . graph of y = cot 6 is reflected in the x-axis. the

7 Expienng ‘Equwalent equation of the resulting graph is y = —cot 8. Since
Trigonometric Functions, pp. 392-393  the graph of y = cot 6 is symmetric with respect to
the origin, 4 refecton 1 ine y-dxis is {iie sanie a> a
reflection in the x-axis. Therefore, the equation

of the trigonometric function y = cos 8. Since

. . . ) cot (—8) = —cot 6 must be true.
veriod of y = cos 4 is 2w radians, the graph (=9)
repeats itself every 2ar radians. Therefore, three 3. a) Since sin 6 = cos (—é— - 6),
sussible equivalent expressions for the graph are
v ocos (0 4+ 2m), y = cos (@ + 47), and sin = = cos (E _ F_) = cos (237_ _ _7Z>
v o= cos (6 — 2m). 6 2 6 6 6
27 T
= COS — = COS T
6 3
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b} Since cos § = sin

Sar (7 57w
COS—F = sm(;— *1“2“
. (67 57 e
= sm(E'*E) = Smﬁ
¢) Since tan 6 = cot (g - 8,
Sk = cot (z - *3~7—T~>
8 2 8
= cot(ilz - 3—7T> = cotz
8 8
d) Since cos 6 = sin (% -6},
Sar . (7T  Sw
cos 0 = sm<~2*—1—>
. [&7 S . 3w
= sm(Tg - E) = sm—lg

f) Since tan 8 = cot (Tf — 6)),

. T t<7T 77) t<37r 7T>
an— =cot{———1J=c¢ —_—— =
11 G cC 5 6 0 5 6

I
-
2

|

|

i
<
S
2

4. a) Since sin ¥ = cos (% - 81,
1 ]
sin # T
St cos <2 ())
v
2

Therefore. csc # = sec (—-

[

. e . i 1
Since cos 6@ = sin (L - f‘)), = v
cos
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1 1
‘tanf T ‘
cot (2 - 3)

't
Therefore, cot § = tan( — 9)

v
Since tan 6 = cot (5 - 0>

b) The trigonometric function y = sec (

can also be written as y = sec (— (8 = ;—)) It the
graph of the trigonometric function _

y = sec (— <0 - E?T-D is reflected in the y-axis, the
equation of the resulting graph is y = sec <6 - = ,

. w . .
Since the graph of y = sec (* (6) - ;)) Is symmetiic
with respect to the y-axis, a reflection of the function
in the y-axis results in the function itself. For this

T
reason, sec (; - 6) = sec (6 - —) 50

csc 8 = sec (6 ) Therefore, Csi

MI‘!

or sin § = cos (6 - ~> This is a known identity.
the cofunction identity ¢csc § = sec (% H) must bo
true. The trigonometric function y =

also be written as y = csc( (8 -

of the [FIC’OROmCU‘IL function y = ¢sC (

s reflected in the y-axis, the equation of the result

resulting graph is y = csc (6 = *) Since the grap

of y = csc ( (6 - ~)> is symmetric with respect o

the origin, a reflection in the v-axis is the same
as a reflection in the x-axis. For this reason.

C8C —2 - = CSC 7 , Or
A7, b T
CSC 5 = (8¢ > 7T

secH = CSC(G + 5
. I !
Therefore. — = y —=, Or
sec cse (() + 5

)
]
o
@D
i
=}
T
T
S
\\~./



This is a known identity, so the cofunction identity

secf = csc (g - 9) must be true.

. - . s
The trigonometric function y = tan (5 - 6) can also

be written as y = tan (— (9 - g)) If the graph of
the trigonometric function y = tan <—~ <6 - g)) is

reflected in the y-axis, the equation of the resulting

graph is y = tan (— <6 - g))
Since the graph of y = tan (— (9 - %)) is symmetric
with respect to the origin, a reflection in the

y-axis is the same as a reflection in the x-axis. For

this reason, —tan (g — 6) = tan (6 - g—), or

tan(%—()):tan<9~g+w>:tan<6+g~),

so cot 8 = tan (0 + g) Therefore,

1 T .
—_— = ———————, or tan # = cot (8 + '>. This
cot 8 tan (6 + %) 2

is a known identity, so the cofunction identity
ki3
cotd = tan (5 - 6) must be true.

5. a) Since sin 8 = sin (7 — 8),
Nk . T . TT
sm~é— = sin (w - ?> = sm*8~
b) Since cos 8 = —cos (7 + 6),
COSB—W = —COS§ <7r + m)
12 : 12
= —CO0S (-121: + -1‘3—7T> = —CO0S &
12 12 12

= —Co (25—W—2>
S e aT

_ . (éz_zﬁz>__ l
OS 12 ) = cOoS

¢) Since tan @ = tan (m + 6),

tans—w = fan (
4

d) Since cos 8 = cos (27 — 6),

cos}lz = COS <7~* - Ej—)
6 e

T
6 6 ) %

) Since sin § = —sin (27 — 6),
sin 137 sin (2 13’”)
=20 -
8 8

= —sin (*1—6-1 - EE) = ~sin3—w
8 8 -8

f) Since tan § = —tan (27 — 6),

o = —tan (2 — E)
3 T3

tan —
~ —tan (61 _ _51) - —anZ
3 3 3

6. a) Assume the circle is a unit circle. Let the
coordinates of Q be (x, y). Since P and Q are
reflections of each other in the line y = x, the
coordinates of P are (y, x). Draw a line from P to
the positive x-axis. The hypotenuse of the new right

J

triangle makes an angle of (g - 6) with the
positive x-axis. Since the x-coordinate of P is v,

kis . .
cos (5 - 6) = y. Also, since the y-coordinate of

Qs y, sin § = y. Therefore, cos (% - 9) = sin 6.
b) Assume the circle is a unit circle. Let the
coordinates of the vertex on the circle of the right
triangle in the first quadrant be (x, y). Then

sin@ = y, so —sin 6 = —y. The point on the circle

. ks
that results from rotating the vertex by 5
counterclockwise about the origin has coordinates

{—y, x).s0cos (Z:_ + 8\ = —y. Therefore,
4 7

cos G" + 9) = —sin#.

7. a) true; the period of cosine is 27
b) false; Answers may vary. For example: Let 6 =

o

Then the left side is sin g or 1. The right side is

LT
—sin > or 1.
¢) false; Answers may vary. For example: Let 6 = 7.
Then the left side is cos 7, or — 1. The right side is
—cos S, or L. -
d) false; Answers may vary. For example: Let 8 = T
Then the left side is tan ig, or w—?. The right side
is tan Z*, or %z
e) false; Answers may vary. For example: Let § = 7.
Then the left side is cot %:I or —1. The right side is

tan Torl
4
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f) false; Answers may vary. For example: Let
6 = 7. Then the left side is sin >~ or 1. The right

side is sin <"§> or -1.

7.2 Compound Angle Formulas
pp. 400-401 .

1.a)Since sin{a + b) =sinacosb + cosasinb,
sin (a + 2a) = sin 3a.

sin @ cos 2a + cos asin 2a =
b) Since cos (@ + b) = cosacos b — sinasin b,
cos 4x cos 3x — sin 4x sin 3x = cos (4x + 3x)
= cos 7x
tanag — tan b

1+ tanatanb’
tan (170° — 110°)

tan 60° = V3
b) Since cos (a — b) = cosacos b + sinasin b,

S T Sar T S T
COS — COS —— + sin — §in —— = ¢€OS | ~—— — —~

2. a) Since tan (a — b) =

tan 170° — tan 110°
1 + tan 170° tan 110°

I

12 12 12 12 12 12
4 T 1
= CO0S T = COST = o
3

3. a) Two angles from the special triangles are 30°
and 45°,s0 75° = 30° + 45°.

b) Two angles from the special triangles are 30° and

45° s0 =157 = 30° — 45°.

N . . K
¢} Two angles from the special triangles are — and
T o 2w 7 T 6

SO —— = o o T e

37T T 6 6 3

d) Two angles from the special triangles are g and —

T 37- 27 T T
SO =m = oo = e
12 12 12 4 6

e) Two angles from the special triangles are 45° and

60°, s0 105° = 45° + 60°.

f) Two angles from the special triangles are 5 and -

D’T 7’1" + 37 K + T
SO — = —/— - = .
6 6 6 3 2

4.a) Since sin (a + b) = sin@cos b + cos asin b,

sin 75° = sin (307 + 45°)
= sin 30° cos 45° + cos 30° sin 45°

) (2D

4 4
V2 + V6
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b) Since cos (@ — b) = cosacos b + sinasin b,
cos 15° = cos (45° — 30°)
= c0s 45° cos 30° + sin 45° sin 30°

-(3)5) (56
4 4
V2 + V6

4

. tana + tan b
¢) Since tan (a + b) = T’“{‘—r‘g,
— tan g fan

tan 27 = ¢ (2_7T+§E>_t <E+_’Z>
My TR T TP e Ty

Z+ z M~
_tané tan4 %3+1
_1 tanﬂtanﬁz 3

— — — V3
6 4 1"(3)(1)
3 3 V3 + 3
,,%“Jr?, 3
T3 _ V3 T 3-\3
3 3 3
V3 + 3 3 V3 +3

3 "3 3.3
(V3 +3)(3+V3)
T (3-V3)(3 +V3)
3V3+9+3+3V3

9 - 3V3+3V3 -3
:12+6\/§:2+\/§

6
d) Since sin (@ — b) = sinacos b — cos asin b,

RECR
12) M\ 12 T2/ MG

L2 [ 3

. T Kk T, T
:sz(ZOSg“COSZSIH?
_(V2\/1 V2\( V3
-(5)5)- (5%
V2 VB
T4 4
V2 -6
____i_._

e) Since cos (a + b) = cosacosb — sinasin b,
cos 105° = cos (45° + 60°)
= cos 45° cos 60° — sin 45° sin 60°

(252X

I
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tana + tan b
fySincetan (¢ + by = ————,
) ( ) 1 —tanatan b

= tan(?—iJrM—W) = tan(ﬁ%—j—z)
12 12 4 6

tan 7 + tan iz

4 6

237

t —
D)

V3
-1+

-

37 T
1 — tan ——tan —

4 6
_§+£ V3 -3
= . ( \r) = 3~;\f§
_V3-3 3 V3-3
3+V3

3V3-9-3+3V3
9+3V3-3V3-3
_—12+6V3
B -
= -2+ V3
5.a)Sincesin {a + b) = sinacosb + cosasin b,
. g/ }7T\‘! . W .
sin{ m o g} = Sift 7 COS % + COS 7T S g

b) Since cos (a — b) = cosacos b + sinasin b,

T s . Lo
coslm— — | = CosSaCos— + SIinsin—
4 4 4

) - of2)

= -2 40

Il

tana + tan b
I —tanatanb’

w
. T N > taﬂz + tan 7T
any — o+ T9r TR
T\

1 - tan'/jtanw

¢} Since tan (a + b) =

7-8

1+0

1= (1)(0)

1+0
-0

| b

=1

[y

d) Since sin (a + b) = sinacos b + cosasin b,

e) Since tan (a

ki
m<

£) Since cos (a + b)

3

v

6

v

Gl
COSy —
2 3

>_

H)e ()
= Sin 5 COS3

. ( ™
Siny —— -
2 3

_ L
2
by = tana — tan b ’
1+ tanatanb
tan — — tan —
-3 6
1+ tangtamz
3 6
V3 -
1+ (V3)(8)
3IV3 V3
1+3
3 \flv;,)/ 3
P +1
2
2V3 1
= X —
3 2
2\V3
6
V3
3

= cosacosh — sinasin b,

ks ks

kil v . .
= COS — COS — — Sin —_ Sin —-

2 3 2 3

- 0f3) - (U(«?)
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6. a) Since sin (¢ + b) = sina cos b + cos asin b,

sin (7w + x) = sin 7 cosx + cos 7 sin x
= (0)(cos x) + (—1)(sin x)
=0 + (—sinx)
=0 —sinx
= —sinx

b} Since cos (a + b) = cosacos b — sinasin b,
3 37 . . 37
Cos{x + — | = COS x cos 7 — Sin x sm7

2
= (cos x)(0) — (sinx)(—1)
={ — (—sinx) = sinx
¢) Since cos (a + b) = cosacosbh — sinasin b,

T T . T
COS X+5 r:COS)CCOSS*Sll’L’CSlH—

2
= (cos x)(0) — (sin x)(1)
=0 —sinx
= —sinx

) tana + tan b
d) Since tan (a + b) = T tanatand’
tan x + tan 7
tan (x + 7) = —————
1 —tanxtan#
tanx + 0
1 — (tan x)(0)
tanx + 0
1 -0
tan x
1
= tanx
e) Since sin (a — b) = sinacosb — cosasin b,
sin (x — @) =sInXCOS 7 — COS XSin 7
= (sinx)(—1}) — (cos x){0)
= —sinx — 0
= —sinx

tana — tan b

1 +tanatan b
tan 27 — tan x

f) Since tan (a — b) =

tan (27 —~ x) =

1 + tan 27 tan x
_ _(} — fanx

1+ (0)(tan x)

—tan x

1 +0

—tanx

1

= —tan.x
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7.a) Since sin (7 + x) = sin (x + ), sin (7 + x)
is equivalent to sin x translated 7 units to the left,
which is equivalent to —sin x.

3wy . .

b) cos (x + ~Zz> is equivalent to cos x translated
3w
2

mN .
¢) cos (x + 5) is equivalent to cos x translated

units to the left, which is equivalent to sin x.

w . . . . .
5 units to the left, which is equivalent to —sin x.

d) tan (x + ) is equivalent to tan x translated
7 units to the left, which is equivalent to tan x.
e) sin (x — ) is equivalent to sin x translated
77 units to the right, which is equivalent to —sin x.
f) Since tan (27 — x) = tan (—x + 27), and
since the period of the tangent function is 2#@71
tan (27 — x) is equivalent to tan (—x), which is
equivalent to tan x reflected in the y-axis, which is
equivalent to —tan x.
8. a) Since cos (a + b) = cosacosb — sinasinb,
€08 75° = cos (30° + 45°)

= cos 30° cos 45° — sin 30° sin 45°

-(3F) -G

Ve V2
T4 4
V6 -\2
- 4

tana — tan b
l+tanatan b’
tan (—15°) = tan (30° — 457)

tan 30° — tan 45°

b) Since tan (a — b) =

1 + tan 30° tan 45°




¢) Since cos (a + by = cosacos b — sinasin b,

117 20 97
COS—I? = ¢OS (E -+ 1—2>
= COS <E e 3—7T>
“\6 4
T 3 Tr 3
= C(:vs~6~cos~4~ - Smgsm—z

d) Since sin (¢ + b) = sinacos b + cos a sin b,

. 137
sin ——

12

e) Since tan (a + b) =

-(5)5)-6)F)

il

i

i

Ve V2

4 4

-V6—\V2
4

)
M1 T2

(s
"7 76

$ 7TcosSFrJrcosWsnSTr
in —cos — —sin —
4 6 4 6

(-2 (2

4 4

V2 -6

7
tan — =

12

4
tana + tan b
1 —tanatanb’

fan (_%ZT“ + 54‘17-‘)
12 12
T 77)

tan (Z + 5

v k
tan — + tan =
4 3

1- tanztang
4 3

1+ V3

1 - (D)(V3)

1+ V3

1 -3
(V31 + V3
T - VE)(1+ Vi)

1+ V3+V3+3
1-V3+V3-3
4+ 2
:m~z\/§:_2“\/§

tana — tan b
1+ tanatan b’

tan(—S—W) = {a (4—77 - 9_72) = tan <'7’T" - gz)
)" "\ 1 1 3 4

T 37
tan — — fan —

f) Since tan (a — b) =

_ 3 4

1+tanztan§7—t
3 4

_ _V3-(-1)

1+ (V3)(-1)

V341

T 1-V3

_1+V3

T 1-V3

1+ V3)(1+ V3

(1= V3)(1 + V3)

1+ V3+V3+3

C1-V3+V3-3

:4+.~22\/§:"2“\/§

9. a) Since sin x = %, the leg opposite the angle x in a
right wiangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated as
follows:

¥+ 42 =5
x>+ 16 =25

x4+ 16 -16=25-16
x*=9

x = 3, in quadrant |

adjacent leg

Since cos x = cosx = % In addition,

hypotenuse’

since sin y = — 1, the leg opposite the angle y in a
nght iangie has a fength of 12, while the hypotenuse
of the right triangle has a length of 13. For this
reason, the other leg of the right triangle can be
calculated as follows:

x? + 122 =13°

X2+ 144 = 169
x? 4+ 144 — 144 = 169 — 144
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x? =25
x = 5, in quadrant IV

adjacent le 5
SRR cos y = . Therefore,

P

Sincecos y = ,
. hypotenuse

since cos{a + b) = cosacos b — sinasin b,
cos(x+ y) =cosxcosy — sinxsiny

-5 - G)56)

5 <_f‘!§>
65 65
15 48

= 4 —

65 65

8
65

R

b) Since sin x = 3, the leg opposite the angle x in a

right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated

as follows:

O+ 42 =5
16 =23

X+ 16—-16=25-16
x*=9

x = 3, in quadrant |

Since cos x = adjacent leg leg, cos x = 2. In addition,
hypotenuse ;

since sin v = — . the leg opposite the angle y in a
right triangle has a length of 12, while the hypotenuse
of the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated as
follows:

oo 122 =13
o 144 = 169

v 144 — 144 = 169 — 144
X =25

x = 5. in quadrant IV
adjacent leg

Since cos v = cos vy = . Therefore,

hypotenuse
since sin{a + b) = sinacos b + cosasinb,
sin{x + v) = sinxcosy + cosxsiny

LHRE
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¢) Since sin x = £, the leg opposite the angle x in a
right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this
reason, the other leg of the right triangle can be

calculated as follows:

X+ 4 =5
x4+ 16 = 25
x>+ 16-16=25-16

=9

x = 3, in quadrant |

adjacent leg

Since cos x = cos x = 3. In addition,

hypotenuse’

since sin y = —13, the leg opposite the angle y

in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:

X2+ 122 =13
x>+ 144 = 169
x>+ 144 — 144 = 169 — 144
x> =125

x = 5, in quadrant IV
adjacent leg

3

Since cos y = cos y = 7. Therefore,

hypotenuse’
since cos{a — b) = cosacosh + sinasin b,

cos{x — y) = cosxcosy + sinxsiny

-(35) - G5 -5+ ()

15 48 33

65 65 65
d) Since sin x = 2, the leg opposite the angle x in a
right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated as
follows:

X'+ 4=

2

5
X+ 16 =25
A+ 16—-16=25-16
¥ =9
x = 3.in quadrant |
Since cos x = w cos ¥ = 2. In addition,
hypotenuse ;
since sin y = — 13, the leg opposite the angle v

in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:
o 127 = 13
X+ 1dd = 169
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X2+ 144 — 144 = 169 — 144
2 =25

x = 5, in quadrant IV

adjacent leg

Since cos y = cos y = 13. Therefore,

hypotenuse’
since sin{a¢ — b) = sina cos b — cos asin b,
sin{x — y) = sinxcosy — cos xsiny

BE)- () -5-(3)

S \s/\13 s/\ 13/ 65 65

20 36 56

65 65 65

e) Since sin x = %, the leg opposite the angle x in a

right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,

the other leg of the right triangle can be calculated as
follows:

X+ 4 =5
x>+ 16 =25
x*+16 —16=25-16

x*=9

x = 3, in quadrant I

opposite leg

Since tanx = tan x = %. In addition,

adjacent leg’

since sin y = —13, the leg opposite the angleyina
right triangle has a length of 12, while the hypotenuse
of the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated as
follows:

4122 =13
v+ 144 = 169

X2+ 144 — 144 = 169 — 144
=725

x =5, in quadrant [V

opposite leg

Since tany = ctany = —% (The

adjacent leg
reason the sign is negative is because angle y is in

the fourth quadrant.) Therefore, since
tana + tan b

1 —tanatan b’
tan x + tany

tan (a + b) =

( :1~tanxtany
e B (=Y

20 36 _ 16
s i5 15
e
__l6 15 _ 16
1S 63 63
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f) Since sin x = %, the leg opposite the angle x in

a right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated as
follows:

x* + 42 =5
X+ 16 =25

X +16-16=25-16
x2=9

= 3, in quadrant I

opposite leg

Since tan x = an x = . In addition,

adjacent leg’
since sin y = —13, the leg opposite the angle y in a
right triangle has a length of 12, while the hypotenuse
of the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated as
follows:

2+ 12? = 137
2 + 144 = 169
2+ 144 — 144 = 169 — 144
=25

x =5, in quadrant IV

. ite |
Since tany = OPPOTTE °8 y = —% (The

adjacent leg’
reason the sign is negative is because angle y is in
the fourth quadrant.) Therefore, since

tana — tan b

1+ tanatanh’

tanx — tany

tan (@ — b) =

tan (x — y) =
=) 1 +tanxtany

_5ld _ _#
RUC IR

_&X<_1§)_ﬂ
15 33/ 33

10. Since sin o = 3, the leg opposite the angle « in
a right triangle has a length of 7, while the hypotenuse
of the right triangle has a length of 25. For this reason,
the other leg of the right triangle can be calculated as
follows:

(. 12) 20, 36 36
5) I 3
1

X°+ 7 =25
x? + 49 = 625

x?+ 49 — 49 = 625 — 49
x* =576

x = 24, in quadrant [

. adjacent leg 2 .
Since cos @ = S8 g g = % Also, since

hypotenuse’

opposite le .. .
tana = PP €8 an & = & In addition, since

adjacent leg’
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cos 8 = 7, the leg adjacent to the angle B in a right
triangle has a length of 5, while the hypotenuse of

the right triangle has a length of 13. For this reason,

the other leg of the right triangle can be calculated
as follows:

ST+ y? =132

25 + y* =169
254+ y? —25 =169 - 25

y? = 144

;)é =12, in quadrantl

. . opposite leg
Since sin B = opposite leg 12 Also,

hypotenuse

opposite leg

ingB =
since tan 8 = an B = 2. Therefore,

adjacent leg’
since sin(a + b) =sinacos b + cosasin b,

sin(a + B)

i

sin ¢ cos B + cos a sin B

()5)+ GIE)
25/\13) " \2s)\13
35 288 323

e 4+ — = ==
325 325 325
tana + tan b

i

Also, since tan{a + b) = —————,
( ) Il ~tanatan b

tan« + tan f3

t +B) =
an(a + B) I —tanatan B
I 12
- L
7 12
1= (&)%)
_ St o
L-%
33 10 33
120 36 36

11. a) Since cos{a¢ — b) = cosacos b + sina sin b,

T T e T,
COS{—T— — X} =COS—COSx Sin — Sin x
2 2 2

= (0)(cosx) + (1){sin x)

=0 +sinxy =sinx
b) Since sin (¢ — b) = sinacos b — cosasin b,
. LT T
sin (7; - .\') = 8in - cos.x — cos o sinx

L £

= (1)(cosx) — (0)(sinx)
=cosxy — 0 =cosx

12. a) Since sin (¢ + b) = sinacos b + cos a sin b,

and since sin (¢ — b) = sinacos b — cosasin b,
the expression sin (w + x) + sin (7 — x) can be
simplified as follows:

sin (7 + x) + sin (7 — x)

Advanced Functions Solutions Manual

=gin 7 cosx + cos T sinx + sin 7 cos x
— COS 7T SIn X
=2sin7cosx = {2)(0)(sinx) =0
b) Since cos{(a + b) = cosacos b — sina sin b,
and since sin{a + b) = sina cos b + cos a sin b,

. k . o
the expression cos (x + 5) — sin <x + -6—) can be

simplified as follows:
r

T . .
COS X cOs -~ — sinx sin —
3 3

) T LT
= { SN X €COS — -+ COs X Sin —
6 6
w

v . LT -
= COS X COS “3‘ - S XS 7 — S X COS —
D

.
~ COS X sin —
6

= G)(cos x) — (-?)(sinx)
- <\—f->(sin x) - <%)(C05 x)

= —V3sinx

13. Since sin (a + b) = sinacos b + cos asin b,
since sin (@ — b) = sina cos b — cos a sin b, since
cos (a + b) = cosacos b — sinasin b, and since
cos (a — b) = cosacos b + sinasin b, the
expression - (f+ gl (‘f._ ’

cos (f + g) + cos(f— g)
simplified as follows:
sin (f + g) + sin(f — g)
cos (f+ g) + cos(f
_sinfcos g +cos fsing + sin fcos g — cos fsin g
 cos fcosg—sinfsing+ cosfcos g+ sin fsing
_2sinfcosg  sinf

 cos f

.cosg #0

can be

2cosfcosg
= tan f,cos f # ()

14. If' sin ¢ and sin b are written as =, where y is
the side opposite angles « and b in a right triangle,
and r is the radius of the right triangle, the side x
adjacent to angles ¢ and b can be found with the
formula x* + y* = r°. Once v is determined, cos a
and cos b can be written as f and since the
terminal arms of angles ¢ and b lie in the first
quadrant, cos a and cos b are positive. With

sin ¢. sin b, cos «. and cos b known, cos (¢ + b)
can be found with the formula

cos (a + b) = cosacosh — sinasinb.
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Therefore, an appropriate flow chart would be as
follows:

Write sin a in terms of );’

Y

olve for x using the Pythagorean

theorem, x* + y® = r%,

Y

Since a e [O, 7—27—}, choose the positive

value of x and determine cos 4.

Y

Write sin b in terms of %

'

Solve for x using the Pythagorean

el 2
theorem, x? + y* = 12

Y

Since b e [O, g] choose the positive

value of x and determine cos b.

Y

Use the formula
cos (@ + by =cosacosb — sinasinb
to evaluate cos {a + b).

15. The compound angle formulas used in this

lesson are as follows:

sin (x + y) = sinxcosy -+ cosxsiny

sin (x — y) = sinxcosy — oS x sin y

cos (x + y) =cosxcosy — sinxsiny

cos (x —y) =cosxcosy + sinxsiny

tan (x + y) = tanx + tany

l —tanxtany
fanx — tany

tan (x — y) = ——te
I +tanxtany

The two sine formulas are the same, except for the

operators. The operator for sin (x + y) is +, while the

operator for sin (x — y)is —. Remembering that the
same operator is used on both the left and right sides in
both equations will help you remember the formulas.

Similarly, the two cosine formulas are the same, except

for the operators. The operator for cos (x + y)is —,
while the operator for cos (x — y)is +.

Remembering that the operator on the left side is the

opposite of the operator on the right side in both

7-14

equations will help you remember the formulas. The
two tangent formulas are the same, except for the
operators in the numerator and the denominator on the
right side. The operators for tan (x + y) are + in the
numerator and — in the denominator, while the
operators for tan (x — y) are — in the numerator

and + in the denominator. Remembering that the
operators in the numerator and the denominator are
opposite in both equations, and that the operator in the
numerator is the same as the operator on the left side,
will help you remember the formulas.

16. Since sin (a + b) = sinacos b + cosasin b,
and since cos (@ — b) = cosacos b + sinasin b,

the formula
. . . C+ D C~-D
sinC +sin D =2sm< 5 )cos( . )can

be developed as follows:

BT
- (2)<<Sin g)(cos 2) + (COS 5)(51“ BD

(S ¢ (50 Y oos Yo 2))
Ao o x02)

o) oS )
) (02 + o Yer2)
w(1(S) +so2)

=sinC +sin D

It

, _ tana + tan b
i7.Sincetan (¢ + ) = —————————,
I —tanatanb
cot {x + y) in terms of cot x and cot y can be

determined as follows:

cot (x + y)
B 1 B 1 I —tanxtany
tan (x +y) fort@any - gap ¢ + tany

1 —tanxtany
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1 cotxcoty 1

_ 1- cotxcoty _ cotxcoty  cotxcoty
- 1 1 coty col x
cotx T coty cotxcoty T cotxcoty
cotxcoty — 1
cotxcoty _ cotxcoty — 1 % cotxcoty
Gty + coty cotxcoty cotx + coty
cot x cot y

_cotxcoty — 1

© ootx + coty

18. LetC=x+yandletD = x — y.

cos C+ cos D =cos (x + y) + cos (x — y)
= COSXCOSy — sinxsiny

+ cosxcosy + sinxsiny = 2cOSXCOSy

C+D x+y+x—y
2 2 -
C—-D x+y—x+y
2 2 -

C+D C—-D
So,cos C +cos D = 2cos< 5 )cos( )

2
19. LetC=x +yandlet D = x — y.
cos C~cos D =cos (x + y) — cos (x — y)
= COSxCcOSy — sinxsiny

— (cosxcosy — sinxsiny) = —2sinxsiny
C+D x+y+x—y

2 2 -
C—-D x+y—x+y )

2 2 -

C+D C—-D
So,cosC —cos D = —2sin( 5 >sin< >

2

7.3 Double Angle Formu!as
pp. 407-408 -

1. a) Since sin 26 = 2 sin 6 cos 4,

2 sin Sx cos Sx = sin 2(5x) = sin 10x.
b) Since cos 26 = cos® 8 — sin’ @,
cos® 8 — sin’ 8 = cos 26.

¢) Since cos 26 = | — 2sin? 6,

I — 2sin 3x = cos 2(3x) = cos 6x.

2tan g
d) Since tan 20 = —————,
: ! 1 — tan“ 6
2 tan dx
m = tan 2(4x) = tan 8x.

e} Since sin 26 = 2 sin 6 cos 8,

dsinfcos & = (2)(2sinf cos B) = 2 sin 26.
f) Since cos 26 = 2cos* 6 — 1,

bl «3ﬁ*1_ ~')§ = 2
Z COS 7 = COSs £ 5 = COs .
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2. a) Since sin 268 = 2 sin 8 cos 6,
2sin45° cos 45° = 5in 2(45°) = sin 90° = 1
b) Since cos 26 = cos’ 8 — sin’ 6,

cos? 30° — sin® 30° = cos 2(30°) = cos 60° = -

B | b

¢) Since sin 26 = 2 sin 6 cos 4,

2 co 2( ) in - 1
in— 2 = —_— e
sn12 512 sin T sm6 7

d) Since cos 20 = cos’ § ~ sin’ 6,

COS_E - SII').~ T S <;> = COSZ = \/§
12 12~ %A1 6 2

e) Since cos 26 = 1 — 2 sin’ 4,

6

3 3
1 - ZSin*% = COS 2(%) = cos§
37 V2

Seos T = T

) Since sin 26 = 2 sin 6 cos 4,

. o 2 o sin 6()0) s e
2 tan 60° cos® 60 (2)<COS 60" {cos” 60°)

=2 sin 60° cos 60° = sin 2(60°)
V3

= sin 120° = T
3.a)Sincesin26 = 2sinf cos B,

sin 48 = 2 sin 26 cos 20
b) Since cos 26 = 2 cos’# — 1,
cos 3x = 2 cos® (1.5x) — 1

2tan 6
1 —tan" ¢’

2 tan (0.5x)
1 — tan?(0.5x)
d) Since cos 26 = cos> # — sin” 4,

cos 66 = cos® 36 — sin® 36
e) Since sin 260 = 2 sin # cos 6.
sinx = 2 sin (0.5x) cos {0.5x)

2tan#
1 — tan’ @’

2 tan (2.59)
1 — tan® (2.56)
4. Since cos 6 = %, the leg adjacent to the angle 6
in a right triangle has a length of 3, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

24 r =35
9 + v =25

9+ 4y —-9=25-9

¢) Since tan 26 =

fan x =

f) Since tan 28 =

tan 54 =
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1
4, in quadrant |

opposite leg

y proves

Since sin 6 = s
hypotenuse

Therefore, since sin 26 = 2 sin 6 cos 0,

sin 26 = (2)<§><§> = %

Also, since cos 26 = cos? 6 — sin’ 6,

3 2 4 2
cos 28 = <~> - (:)
5 5

9 16 7

=355 o
opposite leg

Finally, since tan § = — ,tan @ = 2
adjacent leg
2tané
Since tan 26 = ———————,
1 an 1 — tan’ @
)3
tan 26 = 1“:‘*(‘3%‘)*2—
8 3 g
_ 3 porend 3 = _-1__
[~ E 71— ]
8 9 24
= e WK e e T e e
3 7 7
5. Since tan # = —53, the leg opposite the angle ¢

in a right triangle has a length of 7, while the leg
adjacent to the angle 8 has a length of 24. For this
reason, the hypotenuse of the right triangle can be
calculated as follows:
724t = ¢
49 + 576 = ¢*

625 = ¢?

¢ = 25, in quadrant I

opposite leg

Since sin f = n @ = %, and since

hypotenuse ’

adjacent leg

cos @ = cos § = —32. (The reason the

hypotenuse’
sign is negative is because angle 6 is in the second
quadrant.) Therefore, since sin 26 = 2sin € cos 6,
sin 20 = (2)(%) (—%) = — &% Also, since

cos 26 = cos’ @ — sin® 6,

(5) -G
25 25
576 49 527

cos 26

T 625 625 625

. . 2tan @
Finally, since tan 20 = ———,
I —tan™ @

2)(— 5% -5

tan26 = 1 el
1 - ('—ﬂ - 1 - 513
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S
Bl

576 49 T 527

576 T 576 76

_ 7 5T6_ 336

o127 27 527
6. Since sin § = —13, the leg opposite the angle 6
in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as follows:

et

122 =13
X+ 144 = 169
X7+ 144 — 144 = 169 — 144
x*=25

x = 5, in quadrant [V

adjacent leg

Since cos § = cos 6 = . Therefore,

hypotenuse’
since sin 28 = 2 sin 6 cos 8,
sin 26 = (2)(~}—§)(%) = —12 Also, since
cos 26 = cos® 6 — sin® 8,
. {3\2 12V2 25 144 119 .
cos 20 = (1—‘3) - (—-1—3;) = &5 — & = — e Finally,

opposite leg 1

since tan 6 = tan § = —*. (The reason

adjacent leg’
the sign is negative is because angle 6 is in the fourth
quadrant.) Since

tan 268 = _ﬂ@_
1~ tan’ 6’
Q) (% - - _u
tan 20 = - - 5 T
: 1_(“1,?22 l—’—;—é %%_12,4_; ‘_17159
_cF w25 10
“T s 119 119

25

7. Since cos § = —3, the leg adjacent to the angle 8
in a right triangle has a length of 4, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

42+y2:52
16 + y? = 25
16 + y* — 16 =25 — 16
w2 =0
J’r A

vy = 3, in quadrant II
opposite leg

3

Since sin 8 = sinf = =

hypotenuse’
Therefore, since sin 268 = 2 sin 6 cos 8,

sin 26 = (2)(3)(-%) = -3

Also, since cos 26 = cos’ 6 — sin® 6,
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(-
CO = 5 5
_ 6 9 7

25 25 25

R . opposite le
Finally, since tan 8 = PP 7B g’ tan @ = —3.
adjacent leg

(The rason the sign is negative is because angle 8 is
2tan 6

in the second guadrant.) Since tan 26 = ————5—,
1 —tan™ 8

8. To determine the value of a, first rearrange the
equation as follows:
2tany— tan2x + 2a = 1 — tan 2x tan® x
2 tan t — tan 2x + 2a + tan 2x
= 1 —tan 2x tan’ x + tan 2x

2tan x + 2a = 1 — tan 2x tan’ x + tan 2x
2tanx+ 2a —1 =1 — tan2x tan’ x + tan 2x — 1
2tanr + 2a — 1 = tan 2x — tan 2x tan® x
2tany+ 2a — 1 = (tan 2x)(1 — tan’ x)
2tanx+ 2a — 1 (tan2x)(1 — tan’x)

1 —tan’x 1 —tan’x
2tanx + 2a — 1
tan 2x = .
1 —tan"x
. 2tan g
Since tan 26 = PE— the value of 2a — 1 must
~ tan

equal 0. Therefore, a can be solved for as follows:
20— 1=0
2a -1+ 1=0+1

2a =1
2a 1
22
1
“a=3

9. Jim can find the sine ofz;- by using the formula

cos 2x = | — 2sin’ x and isolating sin x on one side
of the equation as follows:
cos2x =1 — 2sin’x
cos2x + 2sin*x =1 — 2sin*x + 2sin’x
cos 2x + 2sin*x = 1
cos 2x + 2sin*x — cos 2x = 1 — cos 2x
2sinx = 1 — cos 2x
2sin"x 1 — cos2x
5 7
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sin x = 1 — cos2x
’ 2
. 1 — cos2x
sin x = iw/——wﬂ—z———

. . 3
The cosine of - is 5, 80

™ \/1 — cos ((2)(3)

T
Slﬂ8 = >

oL [Lmeost 12
2 - 2
V2 2 -2
2 - 2
2-V2 1
= X
2 2
[2 -2
:i =
4

[SRTN)

I+

V2 -\V2
2

. mo.o. . .,
Since gisin the first quadrant, the sign of sin re

V2 - V2
e

.. . T
positive. Therefore, sin e

10. Marion can find the cosine of 1'17 by using the

formula cos 2x = 2 cos’ x — 1 and isolating cos x

on one side of the equation as follows:
cos2x =2cos’x — 1

cos2x + 1 =2cos’x — 1 +1

cos2x + 1 = 2cos’x

cos2¢ + 1 2cos’x

2 2
N I + cos2x
COS™ x =
2
. /1 + cos 2x
COs X = "\/_2

. . V3
The cosine of g‘ is =, S0

7o, L+ cos (2)()

Ty 2

[
/1 + cosZ 1+
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Since % is in the first quadrant, the sign of cos %
. .. T 2+ V3
is positive. Therefore, cos L.,

11.a) Since sin 26 = 2sinf cos 6,
sin 4x = 2 sin 2x cos 2x
= (2)(2sinx cos x)(cos 2x). At this point,
either the formula cos 20 = 2 cos’ 4 — 1,
cos 28 = cos’@ — sin® @, or cos 260 = 1 — 2sin? 6
can be used to simplify for cos 2x. If the formula
cos 26 = 2 cos* @ — 1 is used, the formula for sin 4x
can be developed as follows:
sin 4x = (2)(2 sin x cos x){cos 2x)
= (2)(2sinxcos x)(2 cos*x — 1)
= (4sinxcosx)(2cos’*x — 1)
= 8cos’ xsinx — 4 sin x cos x
If the formula cos 26 = cos? 8 — sin” @ is used, the
formula for sin 4x can be developed as follows:
sin 4x = (2)(2 sin x cos x){cos 2x)
= (2)(2 sin x cos x)(cos* x — sin® x)
= (4 sin x cos x){cos’ x — sin” x)
= 4 cos® x sinx — 4 sin’ x cos x
If the formula cos 20 = 1 — 2 sin? 8 is used, the
formula for sin 4x can be developed as follows:
sin 4x = (2)(2 sin x cos x){cos 2x)
= (2)(2sinxcos x)(1 — 2sin*x)
= (4sinxcosx)(1 — 2sin’x)
= 4 sin x cos x — 8 sin’ x cos x
27 V3
b) The value of sin = is = Using the formula
sin 4 = 4 sin x cos tr — 8 sin’ x cos x,
. 27 . 8w .
sin —- = sin —- can be verified as follows:
sin 4x = 4 sin x cos x ~ 8sin’ x cos x
2ir

. 2 o2 2 L2
sin 4(3@) = 451n~§~ces~§— - SSm"ézcos——é—

w2 o2

sin —— = —

3 4 8
B R AVE R A AVE R
Sin 3 = 1 K 5 )
. 87 43 < 6\/5)
sin—— = - - -

3 4 4
. 87 43 6\V3
sin - = ———— + —

3 4 4
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sing—ﬂ :——*2\@
3 4

. 87 V3

ST

12. a) Since sin{a + b) = sinacos b + cosasin b,
sin 36 = sin (26 + #) = sin 26 cos § + cos 28 sin 6.
Since sin 26 = 2 sin 6 cos 6,

sin 3¢ = (2 sin 6 cos #8)(cos #) + cos 26 sin 6

=2 cos’ @ sin @ + cos 26 sin #. At this point, either
the formula cos 26 = 2 cos* 6 — 1,

cos 20 = cos’f — sin’6, or cos 20 = 1 — 2sin* @
can be used to simplify for cos 26. If the formula
cos 28 = 2cos? 6 — 1 is used, the formula for

sin 38 can be developed as follows:

sin 36 = 2 cos @ sin 6 + cos 26 sin 6

sin 360 = 2cos’fsin§ + (2cos*d — 1)(sin 4)

sin 3¢ = 2 cos’@sin§ + 2 cos*fsin§ — sin §

sin 30 = 4 cos*@sinh — sind

If the formula cos 28 = cos’ 8 — sin’ @ is used, the
formula for sin 30 can be developed as follows:
sin 38 = 2 cos® @ sin § + cos 26 sin @

sin 30 = 2 cos? @ sin § + (cos® 6 — sin” 6)(sin 6)
sin 30 = 2 cos’ fsin @ + cos’ @sinf — sin® 6

sin 30 = 3 cos*fsinH — sin’ 4

If the formula cos 26 = 1 — 2 sin® 6 is used, the
formula for sin 36 can be developed as follows:
sin 36 = 2 cos® @ sin § + cos 26 sin @

sin 30 = 2 cos’fsin 6 + (1 — 2sin? #)(sin 6)

sin 30 = 2cos*@sinf +sinh — 2sin’

b) Since cos (@ + b) = cosacos b — sinasin b,
cos 36 = cos (26 + 8) = cos 28 cos 6 — sin 6 sin 26.
Since sin 26 = 2sin 6 cos 8,

cos 36 = cos 26 cos 8 — (sin §)(2sin 6 cos 6)

= ¢0s 26 cos § — 2 sin? § cos 6. At this point, either
the formula cos 28 = 2 cos*§ — 1,

cos 26 = cos*6 — sin’#H, orcos 20 = 1 — 2 sin* #
can be used to simplify for cos 26. If the formula
cos 26 = 2 cos® # — 1 is used, the formula for

cos 36 can be developed as follows:

cos 30 = cos 26 cos 6 — 2 sin® 8 cos 6

cos 38 = (2ca’ @ — 1 (casA) — 2cin*Acos A
cos 30 = 2cos’§ ~ cos § — 2 sin* @ cos

If the formula cos 26 = cos® § — sin® 6 is used, the
formula for cos 36 can be developed as follows:
cos 30 = cos 20 cos § — 2 sin® 6 cos 6

cos 30 = (cos’@ — sin’ #)(cos §) — 2 sin® 6§ cos §
cos 30 = cos’ 6 — sin’# cos§ — 2 sin” O cos O

cos 30 = cos’ 8 — 3sin’ @ cos B
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If the formula cos 26 = 1 — 2 sin® § is used, the
formula for cos 36 can be developed as follows:
cos 30 = cos 26 cos @ — 2 sin’® 6 cos 6
cos 30 = (1 — 2sin*@)(cos §) — 2 sin’ 6 cos @
cos 30 = cos 8 — 2sin*fcos§ — 2sin® 0 cos
cos 30 = cos § — 4sin’ 6 cos 6
. tana + tan b

¢) Since tan (a + b) = | = ton 2 tan b’

tan 26 + tan 6

tan 36 = tan (20 + 6) = 1 —tan26tan 8

2tan 8
1 —tan’ 6’
2tan 6
1 — tan’@

1~ (_“1 et >(t n o)

Since tan 26 =

+ tan &

tan 36 =

2tané tan § — tan’ 0
1 —tan’8 I ~ tan’ g
B _ 2tan’d

1 — tan’ @

2 tan 6 tang — tan" @
_ 1 —tan?@ 1 — tan’ @
1 - tan?@ 2tan2 6

1 — tan?# B 1 — tan2@

2tané + tanf — tan® @
_ 1 — tan’é
1 —tan?f — 2tan’é
1—ta5126
3tanf — tan @
. 1 — tan’ @
1 - 3tan2#
1 — tan?f

1 — tan’ @
— 3tan’ 4

3tanf — tan’ @ y
1 — tan’6 1
3tané — tan’ @
1 - 3tan’6

13. a) Since sin’x =

% and since the angle x is in

: N 8 _ 22
the second quadrant, siny = \/§ = 33 = ¥

C

Since sin x = *¥2, the leg opposite the angle x in a
right triangle has a length of 22, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:

T+ (2V2) =
4+ 8=9
+8—-8=9-8
x>=1

x = —1, in quadrant [1
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adjacent leg

Since cos x = , and since the angle x is in

hypotenuse

the second quadrant, cos x = ~1.
Since sin 26 = 2 sin # cos 8,

: : 2v§>< 1) 4V2
2x = 2 sin =00 =2 -2 )= —
sin 2x sin x cos x = ( )( 3 3 9

8

b) Since sin” x = §, and since the ande X is in the

?\/—

second quadrant, sin x = \/é = \/9 = =5

_\_

Since sin x = xin
a right triangle has a Iength of 2V2, whlle the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:

X+ (2V2) =3

*+8=9
*+8-8=9-38
2 _
x*=1
x = —1, in quadrant 11

adjacent leg

Since cos x = . and since the angle x is

hypotenuse
in the second quadrant, cos x = —3. Since
cos 26 = cos2 6 — sin’ 4,
cos 2x = cos® x — sin’ x

”§"> B ( 32)

o

9 9

(The formu las cos 26 = 2 cos® 6 — 1 and cos 26
= 1 — 2 sin? # could also have been used.)

¢) Since sin"x = 3 and since the angle x is in the

§ 22

3

second quadrant, sinx = \/§ =

<

11

N

3 .
3

Y

Since sin x = zf,t, leg opposite the angle x in a
right triangle has a length of 2V/2, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:

4 (2V2y =3

x> +8=9
Y +8-8=9-8
=1
x = — 1, in quadrant {I

. adjacent leg . .
Since cos x = X8 and since the angle x is

hypotenuse

in the second quadrant, cos v = —%. Since

s 5 0
cos260 = 2cos 8 — 1. cosb =2 cos™ 5 — 1,and



. 8
sincecosx = —%, -1 =2 coszi — 1. The value of

7] .
COs - can now be determined as follows:

1 g
—522C082§“‘1
1 2
—§+1:2003—~1+1

Il
[\
O
Q
&

i

COs™

V]

8| I\)!Cb (SRR RN S HIEE N
\®]

[}
Q
17}

_/T\/ILM_\@
B TNITVBE T AVE 3

d) Since sin’ x = £, and since the angle X 1S in the

zvﬁ . Since

sinx = 2Y2, the leg opposite the angle x in a right
triangle hdS a length of 22, while the hypotenuse
of the right triangle has a length of 3. For this
reason, the other leg of the right triangle can be
calculated as follows:

o+ (2V2) =3

second quadrant, sin x = \/ 7

x> +8=9
*+8-8=90-8
=1
x = —1, in quadrant 11

adjacent leg

Since cosx = and since the angle x is

hypotenuse’
in the second quadrant, cos x = —1. Since
sin 36 = 3 cos’ Bsin B — sin’ 6,
sin 3x = 3cos’ xsinx — sin’x

o505 (”ff

L) 22 \
\9/\ 3
6V?2 16\/_

27 27
10V2
Y
14. If sin a is written as %; where y is the side

opposite angle a in a right triangle, and r is the
radius of the right triangle, the side x adjacent to

I

i
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angle a can be found with the formula x* + y* = r%
Once x is determined, cos g can be written as );C and
since the terminal arm of angle a lies in the second
quadrant, cos a is negative. With sin a and cos a
known, sin 2a can be found with the formula

sin 26 = 2 sin 8 cos 6, Therefore, an appropriate
flow chart would be as follows:

Write sin g in terms of 2;-

Y

Solve for x using the Pythagorean
theorem, x* + y* = r%

Y

Choose the negative value of x since

a .
ae 5 7 |, and determine cos a.

Y

) . X
Write cos a in terms of 7

Y

Use the formula sin 2a = 2 sina cos a
to evaluate sin 2a.

15. a) Since sin 26 = 2sin 6§ cos 6,

sin 2x = 2 sin x cos x. For this reason,

sin 2x 2sinx cos x .
= 5 = sin x cos x. Therefore, the

graph of f( x) = sin x ¢cos x 18 the same as that of
) = 222 The graph of f(x) = 4——-can be

obtained by vertically compressing f( v) = sin x by
a factor of § and horizontally compressing it by a
factor of 3. The graph is shown below:

y
0.5

b) Since cos 26 = 2 cos* @ — 1,
cos 2x = 2 cos’ x — 1. For this reason,
cos2x +1=2cos’x — 1 + 1 = 2cos’x.
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Therefore, the graph of f(x) = 2 cos® x is the same
as that of f(x) = cos 2x + 1. The graph of

f(x) = cos 2x + 1 can be obtained by horizontally
compressing f(x) = cos x by a factor of § and
vertically translating it 1 unit up. The graph is
shown below:

2tan g
1 — tan* @
2tan x
tan2x 1 — tan’x
2

1 tan x
X = = ——————— Therefore, the graph of
2 1l -—tanx £raph o

2tanx
tan 2x = ————

¢) Since tan 20 = .
1 — tan~ x

For this reason,

_ 2tanx
1 — tan’x
tan x .
flxy = T il 1S the same as that of f(x) =
_ e

tan 2x

tan 2x

The graph of f(x) =

vertically compressing f(x) = tan x by
a factor of 4 and horizontally compressing it by a
factor of 1. The graph is shown below:

can be obtained by

Y
4
24 j
m T T T
2 2
2_
4 4

16. a) To eliminate A from the equations v = tan 24
and y = tan A to find an equation that relates x to y,
first take the tan™' of both sides of both equations
and solve for A as follows:

x = tan 24
tan"'x = tan"' (tan 24)

Advanced Functions Solutions Manual

tan"'x = 24
4 tan” ' x
2
y = tan A
tan 'y = tan"!(tan A)
A=tan"'y
. tan”' x
Since A = and A = tan"'y,
tan"' x "
> =tan 'y

b) To eliminate A from the equations x = cos 24
and y = cos A4 to find an equation that relates x to y,
first take the cos™' of both sides of both equations
and solve for A as follows:
X = cos2A
cos™'x = cos ™! (cos 24)
cos” x = 2A

i

cos ' x
A -
2
y = cos A
cos™'y = cos”'(cos A)
A=cos'y
-1
_ cos ! x -
Since A = 5 and A = cos™'y,
cos ! x .
=cos'y

¢) To eliminate A from the equations x = cos 24
and y = csc A to find an equation that relates x to y,
first take the cos™" of both sides of the first equation
and the csc™' of both sides of the second equation
and solve for A as follows:
X = cos2A
cos™' x = cos”! (cos 24)

cos lx =2A

4o cosTx
)
A =cscA
csc”y = csc”! (esc A)
A=cscly
Since A = cosz lx and A = cos™ 'y,
cos'x cos'x /1
5 = ey or——— = sin (;)

d) To eliminate A from the equations x = sin 24
and y = sec 44 to find an equation that relates x
to v, first take the sin ' of both sides of the first
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equation and the sec™" of both sides of the second
equation and solve for A as follows:
x =sin2A
sin”!x =

sin”! (sin 24)
sin"'x =24
P
sin”! x
A=
2
y = secdA
sec”'y = sec”! (sec 4A)
sec”!y = 44
-1
sec™'y
A =
4
sin ! sec™!
Since A = S and A = y’
4
sin”'x _sec”'y or sin”'x COS_IG)
2 4 2 4

17. a) Since cos 26 = 1 — 2sin’ 4, the equation
cos 2x = sin x can be rewritten 1 — 2 sin® x = sin x.
This equation can be solved as follows:
1 - 2sin*x = sinx
1 —2sin*x +2sin’x — 1 =sinx + 2sin‘x — 1

2sin’x +sinx — 1 =0
(2sinx ~— D(sinx +1) =20
2sinx —1=40
2sinx — 1+ 1=0+1
2sinx =1
2sinx 1
2 2
. 1
smx—i
5w
x—60r 6
orsinx +1=0
sinx +1—-1=0-1
sinx = —1
37

y = -

Therefore, x =

LY Qs 2im VW — D i A mme I aed ol
R DLHLT OUk LU 77 L 0ild UV LU U, diid Jildich

cos 26 = 2 cos* § — 1, the equation
sin 2x — 1 = cos 2x can be rewritten
2sinxcosx — 1 = 2cos’ x — 1. This equation
can be solved as follows:

2sinxcosx — 1 =2cos’x — 1
2sinxcosx — 1+ 1=2cos’x —1+1

2sinxcosx = 2cos®x

2sinxcosx — 2sinxcosx
=2 cos’x — 2sin x cos x

7-22

2cos’x — 2sinxcosx =0
(2cosx)(cosx —sinx) = 0

2cosx =0
2cosx 0
22
cosx =0
_m 3
x~20r >

orcosx —sinx =0
cosx —sinx +sinx =0+ sinx
COoSX = Sinx

X = —0r ——

aT 7 Smw
Therefore, x = —, —, —, or —.
ereiore, x 42 4 or

18. First write sin 6 and cos 8 in terms of tan 6.
sin 6

sin g = X cos 8

cos 6

tan 6

sec 8
tan 6

V1 + tan?6

sin 6

i

tan ¢

cos &
sin 6

I

cos @
tan o

tan 8
V1 + tan?f
tan #

1

V1 + tanif)

a)sin 26 = 2 sin 6 cos 6

B 7( tan 8 )< 1 )
V1 + tan?6/\V1 + tan’ 6

_ 2tan¥
1 + tan’9
b) cos 28 = cos 26 — sin*6

B 1 )3 < tan 6 )2
<\/1 + tan’@ /1 + tan® 6

_1l—tan’6
"1+ tanf
¢) Use the results from parts a) and b)
2tan
sin 26 1+ tan’e
1+ cos20 {4t ‘tﬂﬂjH
1 + tan 6
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2tan @
. 1+ tan’p
1+ tan?f + 1 — tan? 6
[ + tan’ @
2tan 6
| + tan’ 8
2
I + tan® 6
2 tan b 1+ tan’ 8
1+ tan’ @ 2
= tan @
d) Use the results from parts a) and b)
1 — tan?g
1-cos20 ' 7T anle
sin 26 - 2tan @
1 + tan’@
1+ tan’8 — 1 + tan’#
1 + tan’ @
2tané
1 + tan®@
2tan° @
[ + tan’ @
2tané
1 + tan? @

2 tan’ @
1 + tan’8
tan 8

1+ tan’ 0
2tan @

Mid-Chapter Review, p. 411

1. a) Since cos (27 — 6) = cos 8,
cos 8 = cos (2w — 8). Therefore,

T (2 T )
C —— T e
OS 16 COS s 16

BT

b} Since sin (#r — #) = sinf, sin 6 = sin (7 — ).

L . T
Therefore, sin 7} = sin (w - ~9—>

. 97 T . 27
= -~ — — | = sin —
sin | 5 5
¢) Since tan (7 + 6) = tan 6, tan 0 =

N Q7 977
Therefore, tan oo tan (77 + T)

W07 9w 1947
= {an -+ = tan —
10
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tan {7 + 6).

d) Since —cos 8 = cos (7 + 8),

27 ( 277)
—COS— = ¢cos{m + —
5 5

= COS §"+£ _COS7_TT
5 5

e) Since —sin 6 = sin (7 + ),

sin i sin + o
i 2T T+
7 7

. <77T 91r) . 167w
=sm|{— +— | =sin—

w g
N

i

Il

7 7 7
Since sin 6 = sin (§ — 27),
. 16w . {16
sin - = sin (T - 277)
_ 167 14w
a-15)
2w
= Sin *:/“
Therefore, —sin 9—? = sin 2—77[

f) Since tan (7 + 6) = tan B, tan 6 = tan (7 + 6).

3 “
Therefore, tan Tﬂ = tan (77 + 3—})

(an (477 N 377) ‘ T
= —_— — | = tan —
14 7y

2. Since cos § = sin (0 + g) the equation

m .
y = —6cos (x + 5) + 4 can be rewritten

il

. o W
y ~6sm(,r +;+;> + 4
= —6sin (x + 7) + 4. Since a horizontal
translation of = to the left or right is equivalent
to a reflection in the x-axis, the equation
y = —6sin (x + 7) + 4 can be rewritten

6 sin x + 4. Therefore, the equation
—6cos (x + ;’) + 4 can be rewritten

o

6sinxy + 4.
3.a) Sincecos {a + b) = cosacosbh — sinasin b,

S
Il

St S . . S
cosi{ x + T COS X COS —— — Sin X sin —3“
3

(cos x)(%) - {sin .x‘)(—%é)

I V3
= —COSXY + —Sinyxy
2 2

Il
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b) Since sin {a + b)sinacos b + cosasin b,

sin(x + 5%) = (sin x)(cos ég) + (cos x)(sin 5%)
= (sm)<_§) . (cosx)@

1
= Ecosx - TSinx

. tana + tan b
¢) Since tan (a + b) =

t ( +57T>
anlx +— 1} =
4
tanx + 1

1o (tan x)(1)
1l +tanx
1~ tanx

] —tanatan b’

Sar
fan x + tan~4*

hE
1 —tanx tan—4~

d) Since cos(a + b) = cosacosb — sinasin b,

4ar 4qr . . 4
cos x+—3~— =cosxcos——3~—smxsm~—~

= (cos x)(—%) - (sinx)(—-—?)

V3 .
= —z—smx — Ecosx
4. a) Since sin (a — b) = sinacos b — cos a cos b,
. 117 . 117 Y
sin (x - ?) = sin x oS — ¢cos x sin o

= (sinx)(\;/§> —~ {cos x)(~%)

V3.1
= 5 SIn x 2COS)C

tanag — tan b

1+ tanatan b’
ki

T tanx~—tan§
tanl x — — DI —-
3 1+tanxtan—§

b) Since tan (@ — b) =

i

B tanx — \/5 _ tanx — \/§
1+ (tanx)(V3) 1+ V3tanx

¢} Since cos (a — b) = cosacos b + sinasin b,

(=)~ e g ) onsfon )
cos | x—— = {cos x) cos —~ + (sinx) sin =~
= (cos x)(?) + (sinx)(—?)

V2 2 .
= —COSXx — —SInx
2 2
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d) Since sin{a — b) = sinacos b — cosasin b,

sin ( - %) = (sin x)(COS 2%) — (cos x) (sin 2?77)
(s -1 = eos 0 2)

= ~l inx—f—cos
2° 7 7

tana — tan b

S.a)Sincetan(a - b)) = ——r,
) ( ) 1 +tanatan b

tanT — tan>”
an- an-g

. <87T 517)
= tan{— — —
1+ tan% tanig 9 9

3
= tan*—g-—r tan-g: V3

b} Since sin (¢ — b) = sinacos b — cosasin b,

. 2997 T 2997 . 7
sin 203 cosﬁ — Ccos 203 smﬁ

. (2997 T . 2987
B (W - @) ~ 708
=sinm =0

¢) Since sin {(a — b) = sinacosh — cosasinb,
sin 50° cos 20° — cos 50° sin 20°
1

= sin (50° — 20°) = sin 30°:;

d) Since sin (¢ + b) = sinacos b + cos asin b,

i 37Tcos7r+cos37r' T . 37r¢7r>

in — cos — s ——sin - = sin | —— + —
8 8 8 8 \ 8 8

B LA

=sin—_-=sin> =

{ + tan b
6. ) Since tan (a + b) = —0 4 = 40

2 tan x
1 — tan’x

1 —tanatan b’
tan x + tan x

T 1- (tan x)(tan x)
tan (x + x) = tan 2x

b) Since sin (a + b) = sinacos b + cosasin b,

il

X 4x x . 4x C {x  4x
sin —~cos— + cos—sin— =sin{ - + —
5 5 5

5 5 5
. Sx )
= sin 5 = sin x
T T LT,
¢) cos (—i - x) = COS 5 cos x + sin £y sin x

= {0)cosx + (1)sinx = sinx
d) sin (ﬂ + x) = sin zcosx + cos —T—T—sin X
2 2 2
= {1)cosx + (0)sinx = cosx
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) KL >+cos<z+ >—2 <1+ )
e)cos| -+ x g X cos | T x

ar Y A
= 2{C08—COSX — Sin—Sin x
4 4

(e ()

= V2(cos x — sin x)

f tan( 77) tanx — tan<z> tan x — 1
X — = =
4

1+ tanx tan(%) 1+ tanx

7. a=V3andbh = ~3, 50

R=V (312 + (-3 =VI2=2V3
cos o = ﬁ .
2V3 2
I
METONE T 2
Since cos « is positive and sin « is negative, « is in
the fourth quadrant. ¢ = —%

So, V3cosx — 3 sinx =2V3 cos(x + %)

8. a) Since cos 26 = 2 cos* 6§ — 1,

2 0032—2—37—- — 1 = cos (( )(%T))

B d7 1
= COS“? = *E
b) Since sin 26 = 2 sin 6 cos 6,
2 sm%%Tz cos %71 = sin ((7)<11127T>>
22 Rt 1
= sin 5 = $in 3 :~5

¢) Since cos 26 = cos” 8 — sin” 6,

CO‘2777 LT <(7)(ﬁr_>>
S 3 sin 3 cos | (2) 3

i

L47r 7r V2
= C0$ —— = COS = —
8 8 2

d) Since cos 26 = 1 — 2sin* 4.

1-2 sinzg = COs ((2)<£>> =cosmw = ~ |

9. a) Since cos3 x =0 cosx = /0

i
= tﬁ% +M ‘ U and since angle v is in the

third quadrant, cos x s negative. For this reason,
VIO

Cos X = — 4 ~ X0

.Sincecosy = , the leg
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adjacent to the angle x in a right triangle has a length
of V110, while the hypotenuse of the right triangle
has a length of 11. For this reason, the other leg of
the right triangle can be calculated as follows:

(VITO) +y2 = 112

110 + y? = 121
110 + y> — 110 = 121 — 110
2 -
y- =11

y = — V11, in quadrant II
opposite leg

Since sinx = , and since angle x is in
hypotenuse
the third quadrant, sin x = — L.
b) Since cos® x = {2, cos x = +\/1} = =40
4 Vi

= *-77, and since angle x is in the third quadrant,

COS X is negative. For this reason, cos x = —-

10

= =+ = + VI
, COS X 0= =

V1

¢) Since cos® x =
= + Y0

, and since anole x is in the third quadrant,
i 110

cos x is negative. For this reason, cos x = —-57-.

Since cos x = \1‘,‘0, the leg adjacent to the angle

x in a right triangle has a length of V110, while the

hypotenuse of the right triangle has a length of 11.
For this reason, the other leg of the right triangle
can be calculated as follows:

(V110)* + y* = 117

110 + y* = 121
110 + y? — 110 = 121 — 110
y: =11

y = — V11, in quadrant 1

opposite leg

Since sinx = and since angle x is in

hypotenuse ’
the third quadrant, sin x = — I Since
sin 26 = 2 sin @ cos 6, sin 2y = 2 sin X Cos ¥

_ (2><_ \/ITX* Vi o> _2V10
11 11
d) Since cos®x = ¥ cosx = +\/1 = 2L

N

E

:+\1n

and since angle x is in the third quadmnt

N
-

, the leg adjacent to the angle x

cos x is negative. For this reason, cos v =
Since cos x = — ¥
in a right triangle hds a length of V110. while the
hypotenuse of the right triangle has a length of 11.
For this reason, the other leg of the right triangle can
be calculated as tollows:

(VT10) + v = 117

110 + y2 = 121

L0 + v? = 110 = 121 = 110

I
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yr=11
y = — V11, in quadrant I

opposite leg

Since sinx = and since angle x

hypotenuse’
is in the third quadrant, sin x = ~%. Since
cos 26 = cos’ @ — sin’ 6, cos 2x = cos’x — sin’ x
=10 (—‘”,i}i)z =0 - L =2 (The formulas
c0s26 = 2cos’# — landcos 20 = 1 — 2sin* @
could also have been used.)
10. Since sin x = £, the leg opposite the angle x in
a right triangle has a length of 3, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

x>+ 3 =5

X +9=25
¥+9-9=25-9

xt=16

x = 4, in quadrant [

adjacent leg

Since cos x = cos x = . Therefore,
5

hypotenuse’
since sin 26 = 2 sin 6 cos 6,

4 24
sin2x =2sinxcosx = (2)(2—)(~S—> =55

Also, since cos 260 = cos® § — sin’ 6,
cos 2x = cos?x — sin’x = (4) - (3)°
=1 — % = L (The formulas cos 26 = 2 cos> 6 ~ 1
and cos 26 = 1 — 2 sin® # could also have been used.)
11. Since sin x = 3, the leg opposite the angle x

in a right triangle has a length of 5, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as follows:

x* 4+ 52 =13
x? + 25 =169
x*+ 25 —25=169 — 25
x* =144
x = 12, in quadrant [
Since cos x = M, cosx = &
iy pULCiiuse

Therefore, since sin 26 = 2 sin # cos 6,
SN\/12 120
in 2x = 2 si x=2\=H—=]=—
sin 2x sinxcosx = ( )(13>(13> 60
12. Since cos x = —3, the leg adjacent to the angle
x in a right triangle has a fength of 4, while the
hypotenuse of the right triangle has a length of 5.

7-26

For this reason, the other leg of the right triangle
can be calculated as follows:

42+y2:52
16 + y? = 25

16 + y> — 16 = 25 — 16
y'=9

y = 3, in quadrant 111
. opposite le
Since tan x = *E-,L———%, tan
adjacent leg

the sign is positive is because angle x is in the third

x = } (The reason

. ~ 2tanf
quadrant.) Since tan 26 = 1~ anle’
7 tan x N3 3
tan 2x = ani = ( )(4)7 = 2 9
1~ tan“x 14(%)' 1—1
3 5 3. 16 24
FE_ o T I TS X
T~ % w© 2 7 7

pp. 417-418

. . o :Tf ..
1. Although sin x = cos x is true for x = T 1t 1s not

7.4 Proving Trigonometric Identit

true for all values of x, and therefore, it is not an
identity. A counterexample is a value of x for which
sin x = cos x is not true. Many counterexamples
exist, so answers may vary. One counterexample is
x = 7, since sin = = i and since cos'g =Y
2. a) The graphs of f{x) = sinx and
g{x) = tan x cos x are as follows: f(x) = sin x:
P v
e {‘. Y
{‘ y b
;o |

i) )
x v/
WiRY.
g(x) = tan x cos x:
N =
[
AWA
ll’ ‘I
Y Y.
. od
R W
b} Since the graphs of f(x) = sin x and
g(x) = tan x cos x are the same, sin x = tan x cos x.
¢) To prove that the identity sin x = tan x cos x is
true, tan x cos x can be simplified as follows:
sin
- )(cos x) =

Sin x cos x
tan x cos x = c i

= sin x

OS x COos x
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d) The identity is not true when cos x = 0 because The graph of y = 1 + 2 sin x cos x is as follows:

Sinx . .
when cos x = 0, tan x, or —— is undefined. This - : 2’ Y
is because O cannot be in the denominator of a fraction.
3. a) The graph of y = sin x cot x is as follows: ]

y -\ |
[\ | / \ A o Q&
~2m \-m /0 wof 2w Since the graphs are the same, the answer is B.
14 : d) The graph of y = sec® x is as follows:
The graph of v = cos x is as follows:

AN \7/2}

27— Q

=27 \~7 0
1 The graph of y = sin*x + cos’>x + tan’x is as
2 follows:

Since the graphs are the same, the answer is C.
b) The graph of y = 1 — 2sin® x is as follows:

1 I ;

Zz‘vrvq'r \10 \/ ™ \/2'77\ =2m -m o Q 27
. Since the graphs are the same, the answer is A.
4. a) The identity sin x cot x = cos x can be proven

The graph of y = 2 cos” x — 1 is as follows: as follows:
y

= = COS X

. . cos x Sin X COS x
sin x cot x = (sin x)

i
/ /\ X b) The identity 1 — 2sin’*x = 2cos” x — 1 can be

Q /T'r\ ) a\ j2my proven as follows:
Z v \j \/ \/ \ 1 —2sin®x=2cos’x — 1 15 [~ s X
] I —2sinfx—2cos’x+ 1= o,

2 — 2sin’x — 2 cos’ x

sin x sin x

Since the graphs are the same, the answer is D. 2 — 2(sin’ x + cos’y sl-at e
¢) The graph of y = (sin x + cos x)* is as follows: 2 =21 = = o -
Y -2=0 = A5
24 0=0
¢) The identity (sinx + cos x)* = 1 + 2sin x cos x
1 can be proven as follows:
(sin x + cos x)* = sin’ x + 2 sin x cos x + cos® x
: , 3 = (sin®x + cos’ x) + 2 sin x cos x
“am _-m Q L =1+ 2sinxcosx
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d) The identity sec’ x = sin’ x + cos® x + tan’ x
can be proven as follows:

sin’ x + cos’ x + tan® x

(sin®* x + cos? x) + tan’ x

=1+ tan®x
cos’x  sin’x
cos’x  cos’x
_sin’x + cos®x
cos® x
1
cos® x
= sec’ x

. 1.
5. a) The equation cos x = p—_ is not true for all
X

values of x, and therefore, it is not an identity.
A counterexample is a value of x for which

1.
cos x = —— is not true. Many counterexamples
C

exist, so answers may vary. One counterexample

. ", T 5 : 1
is x = =, since cos — = —-\f, and since =
6 6 ¢ cos =
1 6
. 2 _2V3
=TV

b) The equation 1 — tan? x = sec? x is not true for
all values of x, and therefore, it is not an identity.

A counterexample is a value of x for which

1 — tan® x = sec’ x is not true. Many counterexamples
exist, so answers may vary. One counterexample

is x = %, since 1 — tan’ (D =1- (1)

=1 — 1 = 0, and since sec’ (Z} = (V2)F = 2.

¢} The equation

sin{x + y) = cosx cosy + sin.xsin y is not true for
all values of x and y, and therefore, it is not an identity.
A counterexample is values for x and y for which
sin(x + y) = cosxcos y + sin x sin y is not true.
Many counterexamples exist, So answers may vary.
One counterexample is x = g and y = 7, since

L . 37 . .

sm(; + 71') = sin (7\) = —1, and since
“7T . v .

cos (E) cos 7 + sin (E) sin 7T
=0+ {10 =0+0=0.
d) The equation cos 2x = 1 + 2 sin® x is not true
for all values of x, and therefore, it is not an
identity. A counterexample is a value of x for

which cos 2x = 1 + 2 sin® x is not true. Many
counterexamples exist, so answers may vary.
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. T .
One counterexample is x = PY since

cos (2(%)) = Cos (?) = —%, and since
1 + 2 sin? (g) =1+ (2)(?)2

3 4 6 10 5
! (2)<4) 4 4 4 2

6. Answers may vary. For example, the graph of

1~ tan2x .
————— is as follows:

A
AR

The graph is the same as that of the function
y = cos 2x, s0 an appropriate conjecture is that

cos 2x is another expression that is equivalent to
1 - tan?x

the function y =

Y.

1+ tan?x’
. .1 —tan?x
7. The identity ————— = cos 2x can be proven as
[ + tan” x
follows:
. cos2 x sin? x cos?x — sin2x
I —tan"x _cos'x  costx _ cos® x
1 + tan’ x sec’ x sec’ x

5 s
COS“ X — sin” x i
X

cos® x sec’ x
cos’x — sin’ x 5 ) .5
= " X c08” x = cos’ x — sin® x
cos® x

cos 2x

I

Il +tanxy 1 —tanx

8. The identity can be proven
1+ cotx cotx — 1
as follows:
1 +tanx 1 —tanx
LS = ———-— RS = ——er
1+ cotx cotx — 1
1 +tanx 1 —tanx
- 1 T
tan x tan x
_l+tanx 1 —tanx
" tanx + 1 T 1 -—tanx
tan x tan x
= tanx = fan x

Since the right side and the left side are equal,
1 +tanx 1 —tanx

1+ cotx

cotx — 1
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cos2 8 — sin2 6
. a) The identity —
9. 2) ¢ identity cos @ + sinfcosh

be proven as follows:
cos’ @ — sin’ @
cos? @ + sin @ cos 6
(cos @ — sinf)(cos 8 + sin 6)
(cos 6)(cos 6 + sin §)
cosf — sinf cosf#  sind
= - =] —tan g
cos 0 cost cosd
b) The identity tan’ x — sin’ x = sin® x tan’ x can
be proven as follows:

LS = tan’ x — sin®x
sin® x o,
=—"— —sin’x
cos® x

., ( 1 )
sin”“ x — — 1
cos” x

sin? x(sec’ x — 1)
- vl b
sin” x tan® x
= RS

So tan’x — sin® x = sin® x tan’ x.

Since csc® x = 1 + cot’ x is a known identity,
tan® x — sin® x must equal sin® x tan” x.
¢) The identity

2 k 2 1 5
tanx — qos” x = —5— — 1 — cos” x can be proven
COS X
as follows:
) ) 1 ol
tan % — cos"x = — — ] — cos” x;
cos™ ¥
2 2 1
tan®x — cos” x K cos x = — = 1
0S8° x
. - CO8" X + COos™ x
A
B e 1
i fan, v = — — 11
i Tar 1y \ cos™ X

d) The identity I + = can be
I+ cosé I —cos# sin’#6
proven as follows:
1 1 B I —cosé
1+cos@ 1 —cos (1 +cosf)(l— cosb)
1 +cosé

=1 —tanfcan

.+_
(1 —cos8)(l + cosé6)

Advanced Functions Solutions Manual

1 —cosf 1+cosé
1 -—cos!8 1 - cos’
1 —cosfg+1+cost 2 2
- 1 - cos’d T 1 —-cos?f  sin’6

10. a) The identity cos x tan’ x = sin x tan’ x can
be proven as follows:

%,

cosxtan’ x = sinxtan’x ] = cen A fua Y
3 : 2
cosxtag x  sinxtan x _ e ,Y;M,;,m‘}f
tan® x tan® x - contf S )TIKI/EL/V
€OS x tan X = sin x 5"""’
sin x . = Son X P
(cos x) sin x
Cos x f«/ﬁj
sinx = sin x

b) The identity sin’ § + cos* 6 = cos” 6 +
be prove\Q as follows:

sin’ @ + ¢ps* @ = cos’f + sin* @

sin®f + cos* —sin* 6 =
sin? 8 + cost
sin’ 8 + cos®
cos*@ — sin* @
(cos® § + sin® #)
cos’ @ + sin° @ = 1
1=1

¢) The identity

6 — sin*8 = cos’ @
—sin*f — sin® g =
cos’ § — sin’ 6
s*§ — sin® §) =

cos*f — sin® 6

il

) tan® x + 1 1 1
(sin x\+ cos x) +

cos’ 6§ — sin?@ ~<I7"
-

sin” 6 can

= ‘J{f‘ez

+ {7

A
LS 25pn S+

Gl b
cos’ @ + sin* 0 — sin* 4 =50 il

?}

Loy

Ly

i 3
D

,Gv)'?"@ =/

tan x COSX  sinx
can be proven as follows:
) tan®x + 1 1 1
(sin x + Qs x) = + —
tan x cosx  sinx
. sec” x sin x COS X
(sin x + cos\y) = ; -
tan x cosxsinx  Sinxcos.x

sinx + cosx

Il

(sin x + cos x )
cos’ x tcm X
: COS X
(sin x + cos \’)( )( )
sin x

. sinx + cos x
(sin x + cos x)
cos x{sm X

COS X Sin X

sinx + cosx

CcOoS x sin x

COS X SN X
sinx + cos x sm r COS X
N A%
cCOosS X sSin x cos v Sin x
%
d) The identity tan’ 8 + cos® § + sin" 8 =

cos” B
can be priven as follows:
1

cos” B

tan’ B + cds* B + sin* B =
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oy - ; o

e s ] e B
- (st L7 l/‘i%::; ] !f T ooy sen o
‘ / \/ ,—‘f RO SRR
G T TG S
Ix, WA *,(S
tan’ B +-1 = sec’B 2 cost x .
) . e - = cotx
Since tan”8 + 1 = sec? B is a known identity, 2 sin x ¢os x
tan’ B + cos™@ + sin? 8 must equal —; m = cot x
cos” B sin x
e) The identity cotx = cotx
L . (T -
KR + - =y} = 3 . sin 2x
s (4 x) sm<4 t) V2 cos x b) The identity ———— = cot x can be proven as
Yy 1 — cos2x p
can be proven as follows: follows:
L T in!
sin (— + x) + sm(z~ - x> = V2 cos x; _sim2x cot x
4 1 — cos2x
LT T, . T . :
sin 7 cos x + cos - sin x + sin -~ cos x 2sinxcosx cot x
- 1= (1~ 2sin*x)
~cossinx = V2 cos x; 2 sin x cosix t
—— = COt X
. T - in’
2sin—cos x = V2 cos x; 1 1J_FZSH§X
4 2 Sin x €OS x ‘
—————— = cot x
V2 2sin’ x,
()| — J(cos x) = V2 cos x;
2 cos x .
—— = cotx
V2cosx = V2 cos x Six

. . . (T ar cot"‘a__x = cotx
f) The identity sin (5— - x) cot (- + x) = —sinx

2 ¢) The identity (sinx + cos x)? = 1 + sin 2x can
can be proven as follows: be proven as follov%s:
. - (sinx + cos x)* =1 + sin 2x;
Sin (5 - x> cot (5 + X) = TSy sin” x + sin x cos x + sin x cos x + cos’x
- =1 + 2sin x cos x;
sin (j[ _ x) COS(Z t x) — gin sin®x + 2sinx cos x + cos’ x = 1 + 2sin x cos x;
. Kia - . .
sin(7 + x) (cos? x + sin’x) + 2 sin x cos x
=1+ 2sinx cos x;
o T . , ) . )
<sm 5 COS X — €OS —sin x) L+ 2sinxcosx =1+ 2sinxcosx
2 d) The identity cos* @ — sin* 6 = cos 26 can be
LT N
cos g COSx — sin = sinx proven as follows:
X | — — = ~sin x; cos’§ — sin* 6 = cos 26
SI - cosx + cos—sin x 5 . 5 5 L S L,
2 2 (cos” 6 + sin” ) (cos” § — sin“ f) = cos” # — sin’ 6
(1) (cos x) — (0)(sinx)) (1)(cos® 8 — sin* ) = cos’ 6 — sin’ @
((0)(C05 x) — (1)(sin ﬂ) — sinr cos’ @ — sin’ @ = cos’> 6 — sin? 6
(1)(cos x) + (0)(sin x) e) The identity cot  — tan § = 2 cot 26 can be
0 — sinx . :
(cos x — O)< ) - —sinx proven as follows:
cosx + 0 cotd — tan @ = 2 cot 26
in cosf sinf cos 26
(cnsx\,(—s x\ = —sginx —— =7—
) ‘\ cosx/ ' sinfg¥  cosd . sin 26
—sinx = —sinx cos’ @ sin® 8 2 ( cos 26 )
ocosdx + 1 : - = () —
11. a) The identity ﬂ—%— = cot x can be proven sinfcosf  cosfsinb 2cosfsind
SIf £X .
) cos’§ —sin’@  cos 26
sin 6 cos 6 cos fsin 6
= cotx cos20  cos 26

cosfsin@ cosfsin g

i

cot x

2sinx cos x
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f) The identit cot § + tan 6 = 2 csc 26
can be proven ag follows:

cotf % tanf = 2 csc 20
cosf sinf 1
sin 6 chs 6 " sin26
‘cosze N sm“?\\ _ (2)( 1 . )
sinfcosd  cos@sinh 2 cosfOsind
cos’ § + sin’ Hq_ 1
sinf@cos@ N\ cosBsiné

1N\ 1
cosfsin®  cosésin b

+ fan x T

= tan (x + ~> can be
- tan x 4
proven as follows:

1+ tanx i T
—— =Yan{ x + —
1 —tanx 4

g) The identity 1

1 + tan x tanx + tan%
1 —tanx 1 %ﬁtanx tan%
l +tanx tﬁgx+1

1 —tanx 1 - (tanx)(1)
I +tanx 1+ ta;l,r

1 —tanx 1~ tank

h) The identity csc 2x + cot 2x = cotx can be
proven as. follows:

“esc2x + cot 2x = cotx;
Wl 1 .
= cot x;
sin2x  tan2x
1 + 1 .
- E — = cOt X;
2sinxcosx b, _2fany
Y1 — tan® x
1 I'— tan’ x
- + — = Cot x;
2SInxcos x 2tanx
1 . 1 — tan® x t
- ——— = cot x;
28 xcosx 2 sin
cos x
1 N (cosx)(l —tan"x) cosx
2sinxcos x 2 sin x sinx’

1 . (cos x)(1 — tan® x)(cos x)
2sin x COS x

2.8in X COS X
_ (cosx)(2cosx)
~ (sinx)(2cos x)’
1 N (cos” x)(1 = tan’ x)
2sinxcos x
2 cos’x

2 sin x cos x

2sin x €os x’
L . cos’ ¥ — (tan® x)(cos” x)
2sin x cos x

2 sin x cos ¥

Ad\_/anced Functions Solutions Manual

2 cos? x
= v,
2sinx cos".(t

1 ‘E_ cos’x —sin*x  2cos’x

2 sin x cos x : 2 Sin X COS x
2 cos’ x

2sin x cos x’

1 + cos’ x — sin’x

2,sin x cos x
1 + cos® x — sin? x 2 cos’ x
2sinxcosx i 2sinxcosx
2 cos? x 2 cos’x

2sinxcosx  2isinxcosx’
1 + cos’x — sin’ x'\— 2 cos® x

2sin x cos X
1 — sin’ xi— cos’ x

A =0
2sinxcosx .

1 - (sin’x + cos’x)

: f\ 0;
2 sin x cos x,
Y
-1
. %
2sin x cos x

%

0 3

E —

= ()

2 sin x coS X
anwxy

- 0=0
i) The identity -~ = sin 2x

tan” x

can be proven as follows:
2tan x

1'+ tan® x

{2tan x

= sin 2x

o sin 2x
L sect x

2 tan x .
]4 = gin 2x

E;’c,osz x
(2 tan x)(cos” x)

2 sin
( o r)(co‘sz x) = sin 2x

COosS x

sin 2x

i

sin 2x = 2 sin x cos ¢

2sinxcosy

Since sin 2x = 2 sin x cos x is a known tdentity,

2tanx L
———— must equal sin 2x.
I — tan" x Y
cse ol

i) The identity sec 2r = — S
. csct — 2sint
can be proven as follows:

csC !
sec 2 = b
csct — 2sint
1
1 _ sinf
=~
cos 2t — — 2sint
Sin ¢
{
I sin f ;
cos2t L 2sinir
sinf sin /
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1

The graph is the same as that of the function

1 — __sint y = tan x, so an expression equivalent to
cos 2t L= 2sin2t sinx + sin 2x s ta
[ — ' is tan x.
1 \ 15”” sin ¢ 1 + cosx + cos 2x
=i ce sinx +sin2y
cos2t  sint 1-2 sin? ¢ 13. The 1d%nt1ty T cosr s oosoe = tan x can be
1 _ 1 proven as follows:
cos2t 1 — 2sin*t sinx + sin 2x
1 1 = tan x
= 1 + cosx + cos2x
cos2t  cos 2t sinx + 2sinxcosx
k) The identity csc 26 = 3 sec 6 csc 6 L + cos k + cos 20 anx
can be proven as follows: (sin x) (1 42 cos X)
L = = fanx
cse 2@:556090503 L+ cosx + cos 2x
(sin x)(1 + 2 cos x) .
i : = ianx
L (l)( 1 >( 1 ) 1+ cosx +2costx — 1
sin 26 \2/\cos 8 /\sin 6 (sinx)(1 +2¢osx)
: 5 = tanx
L. 1 cosx + 2 cost x
sin26 ¢ 2cos@sin6 (sin x)(1 + 2 cos x)
! 3 = fanx
1 _ 1 (cos x)(1 + 2 cosix)
2sinfcosf  2sinfcosb sinx
. . sin2r  cos 2t COS - tan x
I) The identity sect = —— — X
i sint - cost tan x: = tan x
can be proven a§ follows: ) 14. A trigonometric identity is a statement of the
L 2sinfcost 2cos’t—1 equivalence of two trigonometric expressions. To
Cos [ sin ¢ cos prove it, both sides of the equation must be shown
sint 2sinzcos’t  (sinr)(2cos’t — 1) to be equivalent through graphing or simplifying/
cosfsin?  sin 1cos ¢ cos tsin ¢ rewriting. Therefore, the chart can be completed as
sinf  2sintcos’t  2cos’fsint — sint follows:
cosisint  sinrcos! costsint Definition Methods of Proof
sint  2sinscos f — (2cosTisint — sint) A statement of the Both sides of the
cos tsin t ' sintcos ¢ equivalence of two equation must be
sint _ 2sinfcos’t — 2sintcos’t + sint trigonometric shown to be equivalent
Cos £ Sin ¢ sin £ cos f £Xpressions through graphmg or
sint sint) simplifying/rewriting.
cosfsint costsint . .
Trigon i
12. Answers may vary. For example, the graph of g0 O.HEetr ¢
. s Identities
. sinx + sin2x .
the function y = is as follows:
I + cosx + cos 2x
Examples Non-Examples

7-32

cos 2x + sin®x = cost ¢l cos 2y — 2sinty =1
cos2x + 1 =2cos*x | cotPx+csc’x=1

15. She can determine whether the equation

2sinx cos x = cos 2x is an identity by trying to
simplify and/or rewrite the left side of the equation
so that it is equivalent to the right side of the
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equation. Alternatively, she can graph the functions
y = 2sin x cos x and y = cos 2x and see if the
graphs are the same. If they’re the same, it’s an
identity, but if they’re not the same, it’s not an
identity. By doing this she can determine it’s not
an identity, but she can make it an identity by
changing the equation to 2 sin x cos x = sin 2x.

16. a) To write the expression 2 cos® x + 4 sin x cos x
in the form a sin 2x + b cos 2x + ¢, rewrite the
expression as follows:

2 cos’ x + 4 sin x cos x

i

2 cos? x + (2)(2 sin x cos x)

(2cos’x — 1) + (2)(2sinxcosx) + 1
cos2x + 2sin2x + 1

2sin2x +cos2x + 1

Since the expression can be rewritten as

2sin2x + cos 2x + 1, the values of @, b, and ¢ are
a=2,b=1,andc¢c =

b) To write the expression —2 sin x cos x — 4 sin’ x
in the form a sin 2x + b cos 2x + ¢, rewrite the
expression as follows:

—2sinxcos x — 4sin’ x

= —2sinxcosx + (2 — 4sin*x) — 2

= -2sinxcosx + (2)(1 = 2sin*x) — 2

= —sin2x + 2cos2x — 2
Since the expression can be rewritten as
—sin 2y + 2 cos 2x — 2. the values of a, b, and ¢
areag=~1,b =2 andc = -2.
17. To write the expression 8 cos® x in the form
acosdx + b cos 2x + ¢, it’s first necessary to develop
a formula for cos 4x. Since cos 2x = 2 cos’ x — 1,
cos 4x = 2 cos® 2x — 1. The formula
cos 2x = 2 cos® x — 1 can now be used again to
further develop the formula for cos 4x as follows:
cosdx = 2 cos” 2x — |
(2)(2cos>x — 1) — 1
(2)(4cos*x — 2cos’x
—2cos’x + 1)1
cos4r = (2)(4cos*x —dcos’x + 1) — 1
cosdr = 8cos'x — 8cosTx +2 — |

cos 4x

Il

cos 4x

cos4x = 8cos’x — 8cos” v + |

Since cos 4x = 8 cos* v — §cos”x + 1, the value of
a must be 1. Now, to turn the expression

8 cos’ v — 8 cos’ x + 1 into the expression 8 cos® x,
the terms — 8 cos® x and | must be eliminated.

First, to eliminate — 8 cos” x. 4 cos 2x, or
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(4)(2 cos® x — 1), can be added to the expression
8 cos* x — 8 cos’ x + 1 as follows:

8cos*x —8cos’x + 1 + (4)(2cos’x — 1)
8cos'x — 8cos’x + 1 + 8cos’x — 4

8cos*x — 3

Since adding 4 cos 2x to the expression eliminated
the term —8 cos” x, the value of b must be 4. Now,
to turn the expression 8 cos* x — 3 into the expression
8 cos? x, 3 must be added to it as follows:

8costx —3+3

8 cos* x

Therefore, the value of ¢ must be 3, and the
expression must be cos 4x + 4 cos 2x + 3.
a=1,b=4,¢c=3

7.5 Solving Linear Trigonometric
Equations, pp. 426-428

1. a) From the graph of y = sin 6, the equation
sin § = 1is true when § =

l\)ltl

b) From the graph of y = sin 6, the equation
sin@ = —1 is true when § = 3:.

¢) From the graph of y = sin @, the equation

57
0.5 is true when 6 wgor%

d) From the graph of y = sin 6, the equation
T ar

sin® = —0.5 is true when 8 = oo

e) From the graph of y = sin 4, the equation
sin @ = 0 is true when 6 = 0, 7. or 277.
f) From the graph of y = sin 0, the equation

sin @ =

. NP T 77—
sind = %2 is true when 8 = — or -

2. a) From the graph of y = cos 6 the equation
cos @ = 1istrue when 6 = 0 or 2w
b) From the graph of y = cos 6. the equation

cos = —1istrue when 8 = 7.

¢) From the graph of v = cos 4, the equation
S

cos 8§ = 0.5 s true when 8 = ~01 -

1 3
d) From the graph of y = cos @, the equation

2m 4w

cos 8 = —0.51is true when 8§ = — or —

¢) From the graph of v = cos () n equanon

T'

RO

cos § = (0 istrue when 8 = — or —

f) From the graphof v = cos 6. [he equation

f, T o

is true when 6 = o or
8]

cosf =

3.a) Givensinx = Fand 0 = v = 27
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S

2 solutions must be possible, since sin x = 5°
in 2 of the 4 quadrants.

b) Given sin x = VTi and 0 < x =< 27, the
solutions for x must occur in the ist and 2nd

quadrants, since the sine function is positive in
these quadrants.

¢) Given sinx = %3 and 0 = x = 247, the related

. T .
acute angle for the equation must be x = 5 Since
. T
sin—- = —,\/j

3
d) Givensinx = %2 and 0 = x = 2, the solutions

()]

T

. 2T,
to the equation must be x = 3 or ER since
sin% = Y3 and sin%;z =2
4. a) Given cos x = —0.8667 and 0° = x = 360°,
two solutions must be possible, since
cos x = —0.8667 in two of the four quadrants.
b) Given cos x = —(0.8667 and 0° = x = 360°, the
solutions for x must occur in the second and third
quadrants, since the cosine function is negative in
these quadrants.
¢) Given cos x = —0.8667 and 0° = x < 360°, the

related acute angle for the equation must be x = 30°,

since cos 30° = —0.866.

d) Given cos x = —(.8667 and 0° = x < 360°, the
solutions to the equation must be x = 150°

or 210°, since cos 150° = —(.866 and

cos 210° = —(.866.

5.a)Giventan 8 = 27553 and 0 = 0 = 271, two
solutions must be possible, since tan # = 2.7553
in two of the four quadrants.

b) Giventan 8 = 27553 and 0 = § = 277, the
solutions for 6 must occur in the first and third
quadrants, since the tangent function is positive in
these quadrants.

¢)Giventand = 27553 and 0 = 8 < 27, the
related acute angle for the equation must be

6 = 1.22, since tan 1.22 = 2.7553.

d) Giventan 8 = 2.7553 and 0 < § <= 27, the
solutions to the equation must be § = [.22 or 4.36,

since tan 1.22 = 2.7553 and tan 4.36 = 2.7553.
. 7 S .
6. a) Since tan% = 1 and tan f = 1, the solutions
. 35
to the equation tan 6 = lare § = g or —42.
b) Since sin — = <= and sin =~ = -'=. the solutions
4 V2 4 V32
T 37

solutions to the equation sin § = ;% are § = PR
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. T 11
¢) Since cos% = -@\/j and cos Tﬂ = the

solutions to the equation cos § = —\25 are § = —
or i °
o 4 5
. . T . v 3
d) Since sin 3= —% and sin 3" —%-: the
. . . 4
solutions to the equation sin 8 = —\/73 are § = —
37 3 B
i T L 27 L
e} Since cos T W and cos PRV the
. . 37
solutions to the equation cos § = —% are § = —
or Sl )
e

f) Since tang = /3 and tani_g = V3, the

solutions to the equation tan 8 = \/3 are § = 1;- or
4ar

3
7. a) The equation 2 sin # = —1 can be rewritten as
follows:
2sinf = —1
2sing 1

2 2

= 1

sinf = —-
Given sin @ = —j and 0° = § = 360°, the solutions

to the equation must be § = 210° or 330°, since
sin 210° = —3 and sin 330° = —1.

b) The equation 3 cos # = —2 can be rewritten as
follows:
3cosd = —2
3cos@ 2

303

o — 2

cos 3

Given cos § = —3 and 0° = 6 = 360°, the solutions

to the equation must be § = 131.8° or 228.2°.

¢) The equation 2 tan § = 3 can be rewritten as
follows:

2tanf =3
2tanA 3
22

3
tanf = —
an 2

Given tan 8 = 3 and 0° = 6 = 360°, the solutions to
the equation must be § = 56.3° or 236.3°.
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d) The equation —3sin# — 1 = 1 can be rewritten
as follows:

—-3snég~-1=1
—3sin—-1+1=1+1
—3sinf =2
—3sinf 2
-3 =3
sin 8 = 3
Givensin @ = —% and 0° = 6 = 360°, the solutions

to the equation must be # = 221.8° or 318.2°.
e) The equation —5cos 8 + 3 = 2 can be rewritten
as follows:
—S5cos@+3=2
—5cos8+3-3=2-3

~5c¢cosf = —1
—5cos8 -1
-5 -5

1

g =

cos 3

Given cos 6 = £ and 0° < 9 = 360°, the solutions to
the equation must be § = 78.5° or 281.5°.

f) The equation 8 — tan § = 10 can be rewritten as
follows:

8 —tané = 10
§ —tan g + tan g = 10 + tan 6
8 =10+ tan 8
8 - 10 =10 + tan 8 — 10
tan g = ~2
Giventan 8 = —2 and 0° = 6 = 360°, the solutions

to the equation must be § = 116.6° or 296.6°.
8. a) The equation 3 sin x = sinx + 1 can be
rewritten as follows:

3siny =sinx + 1

3sinxy —sinx=sinx +1 —sinx

2siny =1
2sinx 1
2 2
i 1
smx~—2—

Given sin x =1 and 0 = 1 = 24, the solutions to
the equation must be x = 0.52 or 2.62.
b) The equation 5 cos x — V3 = 3 cos x can be
rewritten as follows:
Scosx — V3 = 3cosx
Scosx — V3 —3cosx =3cosx — 3cosx
2cosx — V3i=10
2cosx — V3+V3=0+ V3
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2cosx = V3
2cosx V3
22
\/g
cosx:—?

Given cos x = -%5 and 0 = x = 2, the solutions
to the equation must be x = (.52 or 5.76.
¢) The equation cosx — 1 = —cos x can be
rewritten as follows:
cosx — 1= —cosx
cosx — 1+ cosx = —cosx + cosx
2cosx —1 =0
2cosx —1+1=0+1
2 cosx
2cosx
2

o

I

S R S e

Cosx =

Given cos x = §and 0 = r = 27, the solutions to
the equation must be x = 1.05 or 5.24.
d) The equation 5sin x + | = 3 sin x can be
rewritten as follows:

Ssinx + 1 = 3sinx
Ssinx +1—3sinx =3sinx — 3sinx

|

2sinx + 1 =0
2sinx + 1 =1 =0-1
2sinxy = — |
2sinx 1
2 2
. !
sinx = —>
Givensinx = —3and 0 = v = 27 the solutions o

the equation must be x = 3.67 or 3.76.
9. a) The equation 2 — 2 cot x = () can be rewritten
as follows:
2 — 2cot.
2cot.

—

il

2—2cotx + 2cotux + 2cotx
2=72cotx
2 2cotx
22
coty =1

Givencotx = 1 and 0 = v < 2. the solutions to
the equation must be x = (.79 or 3.93.
b} The equation csc x — 2 = () can be rewritten as
follows:
cscx —2=10
cscx —2+2=0+2
cscy = 2
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Givencscx = 2 and 0 = x = 27, the solutions to
the equation must be x = 0.52 or 2.62.

¢) The equation 7 sec x = 7 can be rewritten as follows:

Tsecx =17
7secx 7
77
secx =1

Givensecx = 1 and 0 < x =< 247, the solutions to
the equation must be x = { or 6.28.
d) The equation 2 cscx + 17 = 15 + csc x can be
rewritten as follows:
2escx + 17 =15 + ¢cscx
2¢cscx + 17 —cscx =15 + cscx — csex
cscx + 17 = 15
cscx +17—17=15—-17
cscx = —2

Given cscx = —2 and 0 = x = 27, the solutions to
the equation must be x = 3.67 or 5.76.
e) The equation 2 sec x + 1 = 6 can be rewritten as
follows:

2secx +1=6

2secx+1—-1=6-1
2secx =5
2secx 5
2 2
5
secx—2

Given secx = % and 0 = x = 2, the solutions to
the equation must be x = 1.16 or 5.12
f) The equation 8 + 4 cot x = 10 can be rewritten
as follows:

8§+ 4dcotx =10
8+4cotx —8=10—-8

4dcotx =2
dcotx 2
4 4
1

cot x —E

Given cotx = % and 0 = x = 2, the solutions to
the equation must be x = 1.11 or 4. 25

1G. d} Givenr siin 2x = ",— and O = ¢ = 2w, 24 niusi
equal 0.79 + 2k or 2 36 + 2kar. Therefore, the
solutions to the equation must be x = &2 = .39,
259 = 1.18, 3.53, or 4.32.

b) Given sin 4x = § and 0 < x < 27, 4x must equal
0.52 + 2k or 2.62 + 2kr. Therefore, the solutions to
the equation must be x = %2 = 0.13, 22 = (.65, 1.70,
2.23,3.27,3.80, 4.84, and 3.37.

¢) Given sin 3x = —%3 and 0 = x < 2, 3x must
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equal 4.19 + 2k or 5.24 + 2kwr. Therefore, the
solutions to the equation must be x = 12 19 = 1.40,
3 = 1.75, 3.49, 3.84, 5.59, or 5.93.

d) Given cos 4x = —~\7§ and 0 = x = 2, 4x must
equal 2.36 + 2k or 3.93 + 2kw. Therefore, the
solutions to the equation must be x = %% = 0.59,
23 = (.985, 2.16, 255 3.73,4.12, 5.30, or 5.697.
e) Given cos 2x = —} and 0 =< x < 2, 2x must
equal 2.09 + 2k or 4.19 + 2kmr. Therefore, the
solutions to the equation must be x = %2 = 1.05,
42 =209, 4.19, or 5.24.

V3

f) Given cosg =% and0 = x = 2w, ; must equal

0.52 or 5.76. Therefore, the solution to the equation
must be x = (2)(0.52) = 1.05. 5.76 is not a solution
to the equation since (2)(5.76) = 11.52 is greater
than 27r.

11. When graphed, the function modelling the city’s
daily high temperature is as follows:

401
30
20

10 1

O T l 1 . ¥
JT3 146 21929 365
164 L : .

—~20 4
N

Temperature (°C)

Day of the year

First it’s necessary to find the first day when the
temperature is approximately 32°C. This can be
done as follows:

32 = —~28 cos -—a’ + 10

365
32 - 10 =
65
22 = —-28cos %d
2 _ -2 om
28 T =28 “% 365
21
—-0.7857 = —d
S v
08" (—0.7857) = cos” (cos z—d)
' 365
24746 = —
6= 365d
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365 2w 365
2.4746 X = 36E X Py
d = 143.76
Since the first day when the temperature is
approximately 32°C is day 144, and since the
period of the function is 365 days, the other day
when the temperature is approximately 32°C is
365 ~ 144 = 221. Therefore, the temperature is
approximately 32°C or above from about day 144 to

about day 221, and those are the days of the year

when the air conditioners are running at the City Hall.

12. When graphed, the function modelling the
height of the nail above the surface of the water is
as follows:

8 4

\j s \J& ﬁ§\£a 2

Time (s}

First it’s necessary to find the first time when the
nail 1s at the surface of the water. This can be done
as follows:

0= —4sin§(t —1) +25
.
0-25= —dsin(t— 1) +25 - 25
T
~25 = —dsin—(t - |
S sm4( )
. —4 T
ST T gin—(r ~ 1
) “4sm4(f )
0.625 = sin —(z — 1)
4
. . . . T :
sin” ' (0.625) = sin™! (sm :1—(1 - 1)>
ks
06751 = —(r — 1
6 4(’ )
4 , 4
06751 x = = 21— 1) x =
T 4 T
t— 1 = 0.8596
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t—1+1=0856 +1
t=1.86

Since the first time when the nail is at the surface of the
water is 1.86 s, and since the period of the function is
8 s, the next time the nail is at the surface of the water
is6 — 1.86 = 4.14 s. Therefore, the nail is below the
water when 1.86s < r < 4.14 5. Since the cycle
repeats itself two more times in the first 24 s that the
wheel is rotating, the nail is also below the water when
9.86s <t < 12.14 and when 17.86 s <t < 20.14s.

13. To solve sin (x + %) = /2 cos x for
0 = x = 2, graph the functions y = sin (x + g—)

and y = V2 cos x on the same coordinate grid as
follows:

. . w
Since the graphs intersect when x = n and when

Sm . . T S
X = the solution to the equation is x = 20T
14. Given sin 26 = —<5 and 0 < x = 2, 26 must

equal §4E + 27k or Y{L + 2mk. Therefore, the

solutions to the equation must be

S

4
§=——= "+ gkor
2 8

7
Ttk g,
e = — 7k

2 8 Sa 7w 13 15

. 27 T 3T 3T

So the solution are % R , and 5 . When

the solutions are plotted on the graph of the
function y = sin 26 for 0 < # < 2, the graph
appears as follows:

%
15-
10 Géﬂ _£Z)
0.5- 8/ 2
X
‘ 3
07 2N 2
=2 -4 (554
“‘]5 8; 2 8’ 2 8~ 2

7-37



15. The value of f(x) = sin x is the same at x
and 7 — x. In other words, it is the same at x
and half the period minus x. Since the period of
f(x) = 25 sin - (x + 20) — 55 is 100, if the
function were not horizontally translated, its value at x
would be the same as at 50 — x. The function is
horizontally translated 20 units to the left, however,
so it goes through half its period from x = —20 to
x = 30. At x = 3, the function is 23 units away
from the left end of the range, so it will have the
same value at x = 30 — 23 or x = 7, which is
23 units away from the right end of the range.
16. To solve a trigonometric equation algebraically,
first isolate the trigonometric function on one side of
the equation. For example, the trigonometric equation
Scosx — 3 = 2 would become 5 cos x = 5, which
would then become cos x = 1. Next, apply the
inverse of the trigonometric function to both sides of
the equation. For example, the trigonometric equation
cos x = 1 would become x = cos™! 1. Finally,
simplify the equation. For example, x = cos™' 1
would become x = 0 + 2n7, where ne L.
To solve a trigonometric equation graphically, first
isolate the trigonometric function on one side of the
equation. For example, the trigonometric equation
Scosx ~ 3 = 2 would become 5 cos x = 5, which
would then become cos x = 1. Next, graph both
sides of the equation, For example, the functions
f(x) = cos x and f(x) = 1 would both be graphed.
Finally, find the points where the two graphs
intersect. For example, f{x) = cos x and f(x) = 1
would intersectat v = 0 + 2507, where ne L
Similarity: Both trigonometric functions are first
isolated on one side of the equation.
Differences: The inverse of a trigonometric function is
not applied in the graphical method, and the points of
intersection are not obtained in the algebraic method.
17. To solve the trigonometric equation
2sinx cosx + sinx = 0, first factor sin x from the
left side of the equation as follows:
Zsinycosy + siny = {)
(sinx)}(2cosx + 1) =0
Since (sinx){2cosx + 1) = 0, eithersinx = 0
or2cosx + I =0 (or both). If sin x = 0, one
solution to the equation is x = 0 + nw, where nel.
If2cosx + 1 =0, x can be found by first rewriting
the equation as follows:

2cosx + 1 =10
2cosx +1—-1=0-1

2cosx = —1

i
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2cosx 1
2 2
1
COS x = —5
The solutions to the equation cos x = —3 occur at

2 4 .
x = ?W + 2nm or 371 + 2nmr, where n el since

the period of the cosine function is 27. Therefore, the
solutions to the equation 2 sin x cos x + sinx = 0

2 4
are x = 0 + nm, *32 + 2nw, or ?77 + 2n, where

nel
18. a) Since sin 26 = 2 sin 6 cos 8, the equation
sin 2x — 2 cos’ x = (0 can be rewritten as follows:
sin2x — 2cos’x =0

2sinxcosx —2cos’x =0
(2cos x)(sinx — cosx) =0
Since (2 cos x)(sinx — cos x) = (, either
2cosx = Qorsinx — cos x = 0 (or both). If
2 cos x = 0, x can be found by first rewriting the
equation as follows:

2cosx =0
2cosx 0
2 2
cosx =0

The solutions to the equation cos x = 0 occur at
3 .
x = gor —;— If sin x — cos x = (), x can be found by

first rewriting the equation as follows:
sinx — cosx = 0
sinx —cosx + cosx =0 + cos x
sinx = cos x
The solutions to the equation sin x = cos x occur

5 .
atx = % or %. Therefore, the solutions to the

. . T w Sw
equation sin 2x — 2 cos’x = Qare x = —, —, —,
2y 4 2 4
or —.
2

b) Since cos 26 = 1 — 2 sin” 6, the equation
3sinx + cos 2x = 2 can be rewritten as follows:
3sinx +cos2x =2

3sinx +1—2sin*x =2
3sinx+ i —2Z2sinfx—2=2—2
3sinx — 1 — 2sin*x =0

—2sin*x 4+ 3sinx —1 =0
(-1)(=2sin*x + 3sinx — 1) = (—1)(0)
2sin’x — 3sinx +1=0
(2sinx — 1)(sinx — 1) =0
Since (2sinx — 1)(sinx — 1) = 0, either
2sinx — 1 = 0orsinx — 1 = 0 (or both).
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If sin x — 1 = 0, x can be found by first rewriting
the equation as follows:

2sinx —1=0
2sinx—1+1=0+1

2sinx =1
2sinx 1
2 2
1
Sint x = ‘2‘
The solutions to the equation sin x = § occur at
x = —Z-or 1672 If sinx — 1 = 0, x can be found by

first rewriting the equation as follows:
sinx — 1 =20
sinx —1+1=0+1
sinx =1
The solunon to the equation sin x = 1 occurs at
X == Therefore the solutions to the equation

T Sar

mx+cos7r*2arer"~—,or .
3s 2% %

B

7.6 Solving Quadratic Tngonom" tric

Equations, pp. . 435-43

1. a) The expression sin® # — sin @ can be factored
as follows:

sin’@ — sin @

(sin 6)(sin@ — 1)

b) The expression cos’@ — 2 cosf + 1 can be
factored as follows:

cos’f —2cosf + 1

(cosf — 1)(cos 8 — 1)

¢) The expression 3 sin® # — sin 8 — 2 can be
factored as follows:

{(3sinf + 2)(sind — 1)

d) The expression 4 cos® 6 — 1 can be factored as
follows:

dcos’ 8 — 1

(2cosf — 1)(2cosb + 1)

¢) The expression 24 sin®x — 2sinx — 2 can be
factored as follows:

24sinx — 2sinx — 2

(6sinx — 2)(4sinx + 1) = o/ 2554 -/)/

f) The expression 49 tan® x ~ 64 can
follows:

49 tan’ x — 64

(7Ttanx + 8)(7tanx — 8)
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2. a) The equation y* = 1 can be solved as follows:
, 1
Y73
Vi =+ 1
’ 3
- -k l
Y73
_.V3
!

Likewise, the equation tan® x = 1 can be solved
as follows:

1
tanz X ==
2
= 1
Vitan® x = t\/;
3
tan =+ /T
X = F /=
V3
V3
tan x = t——~—3

b) The equation y° + y = 0 can be solved as
follows:

yr+y=0
WMy +1H=0
Since (y)(y + 1) = 0,eithery =0ory + 1 =0
{orboth). If y + 1 = 0, y can be solved for as
follows:

y+1=0
y+i-1=0-1

y=-1

Therefore, the solutions to the equation y*> + y = 0
are y = 0 or v = — 1. Likewise, the equation
sin” x + sin ¥ = 0 can be solved as follows:

sin"x + sinx =0
(sinx)(sinx + 1) =0
Since (sm x}(sinx + 1)
sin x +

0, etther sinx = 0 or
= () {or both). The solutions to the

equation sinx = Ooccurat x = 0. 7. or 27 If

/’ Srned %

e factozed as sinx + 1 = 0. x can be solved for as follows:

siny +1 =0

sinx + 1 —1=0-1
sinx = —]
The solution to the equation sin x = — [ occurs

3 . .
atx = —, so the solutions to the equation

“
3

77

sin®x + sinx = Qare x = 0. 7. —. or 2.

D
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¢} The equation y — 2yz = 0 can be solved as
follows: )

y—2yz=20
(A -22)=0
Since (y)(1 — 2z) = 0,eithery =0or1 — 2z =0
(or both). If 1 — 2z = (0, z can be solved for as
follows:

1—-2z=0
1-2z+2z2=0+2z

1=12z

1 2z

2 2

_1

)

Likewise, the equation cos x — 2cos xsinx = 0
can be solved as follows:

cosx —2cosxsinx =0

(cosx)(1 — 2sinx) =0

Since (cos x)(1 — 2sinx) = 0, either cos x = 0 or
1 — 2sinx = O {or both). The solutions to the

. T 3w
equation cos x = 0 occur at x = 5 or - If
1 — 2Zsinx = 0, x can be solved for as follows:
1 —2sinx =90
1 —2sinx + 2sinx =0+ 2sinx
1 =2sinx
1 2sinx
2 2
o1
S X = ‘2“
The solutions to the equation sin x = § occur at

v S . ) .
X = r or L so the solutions to the equation

sy -2 =0 _Tmom 37
cosx — 2cosxsinx = Oarex = = =, =, or 7.
d) The equation yz = y can be solved as follows:

yz =y
ya—my=y—y
yz—y =20

Wz—-1)=0
Since (v)(z — 1) = O, eithery =0orz — 1 =0

forbeth). Iz — 1 = 0, zcan be solved for as
follows:
z—1=40
z—1+1=0+1
z=1

Therefore, the solutions to the equation yz = y

are y = 0 or z = 1. Likewise, the equation

tan x sec x = tan x can be solved as follows:
tan x s€c x = tan x

fanxsecx — tanx = tanx — tanx
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tan xsecx — tanx = 0
(tanx)(secx — 1) =0
Since (tan x)(secx — 1) = 0, either tanx = Q or
sec x — 1 = 0 (or both). The solutions to the equation
tanx = Qoccuratx =0, 7, or 27 . Ifsecx — 1 =0,
x can be solved for as follows:
secx —1=0
secx—1+1=0+1
secx = 1
The solutions to the equation sec x = 1 occur at
x = ( or 2, so the solutions to the equation
(tanx)(secx — 1) = Oare x = 0, 7, or 27.
3. a) The equation 6y> — y — 1 = 0 can be solved
as follows:
6y —y—1=0
2y - 1By +1)=0
Since (2y — 1)(3y + 1) = 0, either2y — 1 =0 or
3y +1=0(orboth). [f2y — 1 =0, ycan be
solved for as follows:

2y —1=20
2y—-1+1=0+1

2y =1

2y 1

2 2

1

=3

[f3y + 1 = 0, vy can be solved for as follows:
3y+1=0
3y+1-1=0-1

3y = ~1
y_ !

1
y=-3

D

Therefore, the sclutions to the equation

6y’ =y —1=0arey=1Lor -1

b) The equation 6 cos®* x — cosx — 1 = 0 for
0 = x =< 27 can be solved as follows:

6cosx —cosx — 1 =0
(2cosx — 1}{3cosx +1)=10
Since (Zcosx — 1)(3cosx + 1) = 0, either
2cosx — 1 =0o0r3cosx + 1 = 0 (or both). If
2cosx — 1 =0, x can be solved for as follows:
2cosx—1=0
2cosx —1+1=0+1
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2cosx =1

2cosx 1
22
1
cosx—g

The solutions to the equation cos x = 3 occur at
x=1050r524 If3cosx +1 =10, xcanbe
solved for as follows:

3cosx +1=40
3cosx+1—-1=0-1

3cosx = —1
Jcosx 1
33
1
COs x = —=
- 2 . 1
The solutions to the equation cos x = —3 occur at

x = 1.91 or 4.37. Therefore, the solutions to the
equation 6 cos’x — cosx — 1 = (are x = 1.05,
1.91, 4.37, or 5.24.

4. a) The equation sin” § = 1 can be solved as
follows:

sin? g = 1
Vsin2 g = =1
sinf = =1

The solutions to the equation sin 6 = %1 occur at
6 = 90° or 270°.

b) The equation cos” § = 1 can be solved as follows:

cos’ 6 = 1
Vicos’d = =V1
cos8 = *+1

The solutions to the equation cos § = £ 1 occur at
6 = 0° 1807, or 360°.

¢) The equation tan® # = 1 can be solved as follows:

tan" 6§ = 1
Vian' 0 = =1
tanf = =1

The solutions to the equation tan § = *1 occur at
6 = 45°, 135°,225°, or 315°.

d) The equation 4 cos™ # = 1 can be solved as
follows:

dcos’ b = 1
4c0536{ 1
1 4
, 1
cos 6 = —
4 —_—
Veos = =4+
' V4
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cosf = £

NSRS

The solutions to the equation cos # = =1 occur at
8 = 60°, 120°, 240°, or 300°.

e) The equation 3 tan” § = 1 can be solved as
follows:

3tan’ g =1
3tan’d 1
3 3

1

tan’ @ = —
an 3

tan @ = £——

]

The solutions to the equation tan § = +% occur

at 8 = 30°, 150°, 210°, or 330°.

f) The equation 2 sin’ # = 1 can be solved as follows:
2sin’ 6 =1

2sin’ 6 _~l_
2 2
02 i
sin“ @ = =
2
3 1
Vsin©f = * *i
. V2
sin § = iT

[B5))

The solutions to the equation sin § = t\T occur at
6 = 45°,135°,225°, or 315°.
5. a) Since sin x cos x = (}, either sinx = 0 or
cos x = 0 (or both). If sin x = 0, the solutions
for x occur at x = 0°, 180°, or 360°. If cos x = 0,
the solutions for x occur at x = 90° or 270°.
Therefore, the solutions to the equation occur at
x = (°,90°, 180°, 270°, or 360°.
b) Since sin x(cosx — 1) = 0, either sinx = 0
orcosx — 1 = 0 (or both). If sinx = 0, the
solutions for x occur at x = 0°, 180°, or 360°. If
cos x — 1 = 0, x can be solved for as follows:

cosx—1 =0
cosy—1+1=0+1

cosxy = |

The solutions to the equation cos.x = | occur at
x = 07 or 360°. Therefore, the solutions to the
equation sin x{(cos x — 1) = 0 occur at x = 0,
180°, or 360°.
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¢) Since (sinx + 1)cosx = 0, eithersinx +1 =0
orcosx = 0 (or both). If sinx + 1 = 0, x can be
solved for as follows:

sinx +1=40
sinx +1-1=0-1

sinx = —1

The solution to the equation sin x = —1 occurs at
x = 270°. If cos x = 0, the solutions for x occur at
x = 90° or 270°. Therefore, the solutions to the
equation (sinx + 1) cosx = 0 occur at x = 90°
or 270°.
d) Since cos x (2sinx — \/5) = 0, eithercosx = 0
or2sin x — V3 = 0 (or both). If cos x = 0, the
solutions for x occur at x = 90° or 270°. If

2sinx — V3 = 0, x can be solved for as follows:

2sinx — V3 =0
2sinx — V3+V3i=0+ V3
2sinx = V3
2sinx V3
2 2
sinxzﬁ
2

The solutions to the equation sin x = 2 occur at
x = 60° and 120°. Therefore. the solutions to the

equation cos x(2 sin x — V3) = 0 occur at x = 60°,
90°, 120°, or 270°.

e) Since (V2sinx — 1)(V2sinx + 1) = 0, either

V2sinx — 1 = 0or V2sinx + 1 = 0 (or both). If

V2sinx — 1 = 0, x can be solved for as follows:
V2sinx — 1 =0

V2sinx -1+ 1=0+1

V2siny = 1
V2 sin x 1
IR
. 1
Sintx = ‘\*/—'?j
sin V2
X = 5

£

131

The solutions to the equation sin x = -5 occur at

x = 45°0r 135°. If V2sinx + 1 = 0, x can be
solved for as follows:

V2sinx +1=0
V2sinx +1—-1=0-1
V2sinx = —1

il
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V2 sin x 1
V2T V2
. 1
Sinx = _~\7——2'
sinx = —lé
2
The solutions to the equation sin x = ——\{2 occur

at x = 225° or 315°. Therefore, the solutions to the

equation (\/5 sin x ~ 1)(\/5 sinx + 1) = 0 occur
at x = 45°, 135°,225° or 315°.
f) Since (sinx — 1)(cosx + 1) = 0, either
sinx ~ 1 =0orcosx + 1 =0 (or both). If
sinx — 1 = 0, x can be solved for as follows:

sinx —1=0
simx—1+1=0+1

sinx = 1

The solution to the equation sin x = 1 occurs at
x = 90° If cosx + 1 = 0, x can be solved for as
follows:

cosx +1=0
cosx+1—-1=0-1

cosx = —1

The solution to the equation cos x = —1 occurs at
x = 180°. Therefore, the solutions to the equation
(sinx — 1)(cosx + 1) = 0 occur at x = 90°
or 180°.
6. a) Since (2sinx — 1) cos x = 0, either
2sinx — 1 =0o0rcosx=0.If2sinx — 1 =0,
x can be solved for as follows:

2sinx — 1 =0
2sinx —1+1=0+1

2sinx =1

2sinx __1_

2 2

sin L

mx=—

2

The solutions to the equation sin x = 3 occur at

5 . .
X = % or %T Also, the solutions to the equation

377

cosx = Doccur at v = — or — Therefare, the
272 ’
solutions to the equation (2sinx — 1)cosx =40
occur at T Iam or 37
X ==, =, —,0r —.
6°2 6° 2

b) Since (sinx + 1)> = 0,sinx + 1 = 0, so x can
be solved for as follows:

sinx+1=0

sinx+1~-1=0-1

sinx = —1
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The solution to the equation sin x = —1 occurs at e) Since (V2 cosx — 1)(V2cosx + 1) = 0, either

3 . .
x = —; so the solution to the equation V2cosx —1=0o0r V2cosx + 1 =0 (or both).
(sinx + 1)> = 0 occurs at x = 31?_ If V2 cosx — 1 = 0, x can be solved for as follows:
¢) Since (2 cos x + V3)sin x = 0, either V2cosx —1=0
2 cosx + V3 = 0orsinx = 0 (or both). If V2cosx —1+1=0+1
2 cosx + V3 = 0, x can be solved for as follows: V2cosx = 1
2cosx +V3=0 \/icosx:._l_
2cosx + V3i—-V3i=0-1V3 V2 V2
2cosx = ~V3 1
COs X = —=
2cosx V3 V2
2 2 V2
cos x = ——
V3 2
cosx =77 The solutions to the equation cos x = %—7 occur at
The solutions to the equation cos x = —%* occur X = % or ZE_ If V2cosx + 1 =0, x can be solved
5 7 . .
atx = D—g or % Also, the solutions to the equation for as follows:
sin x = 0 occur at x = 0, 7, or 27r. Therefore, the V2eosx +1=0
solutions to the equation (2 cos x + V3)sinx =0 V2cosx+1—-1=0~1
e T V2cosx = —1
occur at x = (, o T or 27r. V2 cos x 1
d) Since (2 cos x — 1)(2sin x + V3) = 0, either V2 V2
2cosx — 1 =0or2sinx + V3 =01If cosr:—-1~—
2cos x — L =0, x can be solved for as follows: ’ V2
2cosx —1=0 V2
2cosx — 1L+ 1=0+1 cosx="7
2cosx =1 The solutions to the equation cos x = —-5 occur
2cosx 1 3 5 .
5 e 5 atx = —475 or JTW Therefore, the solutions to the
1 equation (V2 cosx ~ 1)(V2cosx + 1) = 0 occur
c8vT3 gt = T 3T LT
The solutions to the equation cos x = § occur at o474 4T 4

>

_If2sinx + V3 = 0, x can be solved ) Since (sinx + 1)(cosx — 1) = 0, either
for a5 t’OIISWS' sinx + 1 =0o0rcosx — 1 =0 (or both). If
CSsinr+ \V3=0 sinx + 1 = 0, .x can be solved for as follows:

. siny + 1 =0
23inx+\/3~\/§=()—\/§ sinx+l—I:O—1

-

i
X = 0or
3

2sinx = —V3 sinx = —1
2sinx V3 The solution to the equation sinx = — 1 occurs at
22 X = 373" [f cos x = 1 = 0, x can be solved for as
‘ V3 follows:
s cosx — 1 =0
The solutions to the equation sinx = —% occur cosx —1+1=0+1

dar

cosy = |

h¥s . .
atx = or —. Therefore, the solutions to the
3

-
3

equation (2 cos x — 1)(2sinx + V3) = 0 occur at
7 4T S
X = s or T

303 3
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The solutions to the equation cos x = 1 occur at
x = 0 or 2. Therefore, the solutions to the equation

(sinx + 1)(cosx — 1) = 0 occur at x = 0, 3777,

or 2.

7. a) Since 2 cos? 6 + cos @ — 1 = 0,

(2cos 8 — 1)(cos 8 + 1) = 0. For this reason,

either 2cos 6§ — 1= 0 orcos 6 + 1 = 0 (or both).

If2cos8 — 1 =0, 6 can be solved for as follows:
2cos8—1=0

2co88—-1+1=0+1

2cosf =1
2cosf 1
2 2
1
cosH—E

The solutions to the equation cos 8 = 1 occur at

w

6 =—or 1371 Ifcosd + 1 =0, 8 can be solved for

as fo%lows:
cosf +1=20
cosf+1-1=0-1
cosf = —1
The solution to the equation cos 8 = —1 occurs at

6 = . Therefore, the solutions to the equation 5
w

w
2¢cos’8 + cosf — 1 :Ooccuraw:;,fr,org—.

b) The equation 2 sin? § = 1 — sin 6 can be rewritten
and factored as follows:
2sinf =1 —sind
2sin"f — 1 +sinf=1—sinf —1+sind
2sin@ +sing—1=0
(2sin6 — 1)(sinf +1) =0
Since (2sin# — 1)(sin @ + 1) = 0, either
2siné — 1 =0orsind + 1 = 0 (or both). If
2sin8 — 1 = 0, 6 can be solved for as follows:
2sinf—-1=90
2sing-1+1=0+1
2sinf =1
2sing 1

2 2
i

ing =
sm 5

The solutions to the equation sin # = 1 occur at

6 = %or%—. Ifsin@ + 1 =0, 6 can be solved for
as follows:
sing +1 =40
sinf+1-1=0-1
sing = —1
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The solution to the equation sin 8 = —1 occurs at

X = %71 Therefore, the solutions to the equation
. 7 S 3
= 1 — sin # occur at § = g,?,orza
¢) The equation cos? = 2 + cos 6 can be rewritten
and factored as follows:
cos’@ =2 + cos @
cos’h —2 —cos@ =2+ cosf — 2 — cosb
cos’f —cosf —2 =0
(cos @ — 2)(cosB + 1) =0
Since (cos 8 — 2)(cos 8 + 1) = 0, either
cos8 —2=0orcos8@+1=01Ifcosd —2 =0,
the equation can be rewritten as follows:
cosd —2=0
cosf—~2+2=0+2
cosf =2
Since cos 6 can never equal 2, the factor cos 6 — 2
can be ignored. If cos 8 + 1 = 0, # can be solved
for as follows:
cosf +1=0
cosf+1—-1=0~-1
cosd = —1
The solution to the equation cos § = —1 occurs at
6 = . Therefore, the solution to the equation
cos’6 = 2 + cos @ occurs at 8 = 7.
d) Since 2sin’ @ + Ssin® — 3 = 0,
(2sin 8 — 1){(sin @ + 3) = 0. For this reason, either

2 sin®

2sinf —1=0orsing8 +3=0.If2sin6—1=20,
g can be solved for as follows:
2sinf—1=0
2sind—1+1=0+1
2sing =1
2sinf 1
2 2
.6_1
sin =3

The solutions to the equation sin § = 1 occur at
5 . .
6= %or ~6E ifsin@ + 3 = 0, the equation can be

rewritten as follows:

sinff +3=10
sind+3-3=0-23
sinf = -3

Since sin 6 can never equal —3, the factor sin 8 + 3

can be ignored. Therefore, the solutions to the

equation 2 sin’ @ + Ssinf — 3 = 0 occur at § = %
S

or 75_
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e) The equation 3 tan’ # — 2 tan § = 1 can be
rewritten and factored as follows:
3tan’# — 2tanf =1

3tan’d — 2tanf — 1 =1 -1

3tan’ — 2tand — 1 =0
(3tan@ + 1)(tan6 — 1) =0
Since (3tan 6 + 1)(tan 6 — 1) = 0, either
3tanf+ 1 =0 ortanf — 1 = 0 (or both). If
3tanf+ 1 = 0, 6 can be solved for as follows:

Jtanf +1=0
3tanf+1 —-1=0-1

3tanf = —1
3tanf 1
303
1
tan § = 3

The solutions to the equation tan § = —3 occur at

g =28lor596 Iftand — 1 = 0, 8 can be solved
for as follows:

tang — 1 =0
tanf — 1+ 1=0+1
tan 6 = 1
The solutions to the equation tan § = 1 occur at

T  S5Sw . .
g = 2o Therefore, the solutions to the equation

S

3tan’d — 2 tan@ = loccuratd = g 2.82, e

or 5.96.

£) Since 12sin’ @ + sinf — 6 = 0,

(4sinf + 33(3sin @ — 2) = 0. For this reason,

eitherdsin® + 3 =0or3sind — 2 = 0 (or both).

If 4sin8 + 3 = 0, 8 can be solved for as follows:
dsin@ + 3 =10

4sinf+3 —-3=0-3

4sinfg = —3
dsin¢ 3
4 4
3
hg= >
sin 1
The solutions to the equation sin § = —3 occur at

9 =399 0r5.44. If3sinf — 2 =0, 6 can be solved
for as follows:

3sing —2=0
3sinf—2+2=0+2

3sindg =2
3sing 2
2 3
2
sinf = <
S
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The solutions to the equation sin 8 = 3 occur at
# = (.73 or 2.41. Therefore, the solutions to the

equation 12 sin’# + sin§ — 6 = 0 occur at
g = 0.73,2.41, 3.99, or 5.44.
8. a) Since secxcscx — 2cscx = O,
(csc x)(sec x — 2} = 0. For this reason, either
cscx = Qorsecx — 2 = 0. Since csc x can never
equal 0, the factor csc x can be ignored. If
sec x — 2 = (, x can be solved for as follows:
secx —2 =0
secx —2+2=0+2
secx =2
The solutions to the equation sec x = 2 occur at

X = —g or %71 Therefore, the solutions to the equation
secxcscx — 2cscx = Joccurat x = gor D—}
b) Since 3sec’x — 4 = 0,
(V3secx — 2) (V3secx + 2) = 0. For this reason,
either V3secx —2 = 0or V3secx +2 =0
(or both). If V3 secx — 2 = 0, x can be solved for
as follows:

V3secx =2 =0
V3isecx —2+2=0+2

V3secx =2
V3secx 2
Vi 3
2
secx = 3
2V3
secx = S
The solutions to the equation sec x = —\: occur at
X = %or %Tz If V3secx + 2 = 0, x can be solved

for as follows:
V3isecx +2=0
Visecx +2-2=0~2

V3secx = =2
V3secx _ 2
V33
o 2
secy = RV
2V3
secy = —

LI

i
A3

The solutions to the equation sec x = — occur

3
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5 7 .
atx = EE or %. Therefore, the solutions to the

. Sw 7
equation 3 sec’ x — 4 = 0 occur at x = T
66" 6
or 8%,
-

¢) Since 2sin x secx — 2V3sinx = 0,

(sinx)(2 secx — 2V3) = 0. For this reason,
either sin x = 0 or 2 sec x — 2V/3 = 0 (or both).
The solutions to the equation sin x = 0 occur at
x =0, or 27 If 2secx — 2V3 = 0, x can be
solved for as follows:

2secx —2V3 =10
2secx — 2V3 +2V3=0+2V3

2secx = 2V3
2secx  2V3
2 2
secx = V3

The solutions to the equation sec x = /3 occur at
x = 0.96 or 5.33. Therefore, the solutions to the
equation 2 sin x sec x — 2V/3 sin x = 0 occur at

x = 0,096, 7, 5.33, or 2.

d) To solve the equation 2 cot x + sec’ x = 0, graph
the function y = 2 cot x + sec? x as follows:

A
10+
8-
6
4
24

0 T
R 27
-2 b}

i

2

Since the graph intersects the x-axis at x = % and

Tor . .
e the solutions to the equation 2 cot x + sec’ x = 0

. 37 T
occur at x = “Z or —4—
¢) The equation cot x csc* x = 2 cot x can be
rewritien and tactored as fotlows:
cotxesc®x = 2cot x
cotxcesc’x — 2cotx = 2cotx — 2cotx

cotxesc’x —2cotx =0

(cotx)(cscx — V2)(cscx + V2) =0

Since (cot x)(csc x — V2)(cscx + V2) =0,
either cotx = 0, cscx — V2 = 0, or
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cscx + V2 = 0. The solutions to the equation
T 3
cotx = 0occuratx = %ori. Ifesex — V2 =0,

x can be solved for as followszz
cscx — V2 =10
escx — V2 4+ V2 =0+ V2
cscx = V2

The solutions to the equation csc x = V2 occur at

3
x = or f: If csc x + V2 = 0, x can be solved for

4
as follows:
cscx + V2 =0
cscx + V2 - V2=0-V2
escx = ~V2
The solutions to the equation csc x = — V2 occur at
S Tm . .
X = or Therefore, the solutions to the equation
cotx csc? x = 2 cot x occur at x = =, =, 2% 27 37
’ 472747 472

or 7~

e

f) Since 3tan*x — tan x = 0,
(tan x)(V3tanx — 1)(V3tanx + 1) = 0. For
this reason, either tan x = 0, V3tanx — 1 = 0, or

V3 tanx + 1 = 0. The solutions to the equation
tanx = Qoccuratx = 0, 7, and 2. If

V3tanx — 1 = 0, x can be solved for as follows:
V3tanx — 1 =0
V3tanx — 1+ 1=0+1

V3tanx = 1
V3 tan x 1
V33
tanx = *L
V3
V3
tan x =

L3
1

~

The solutions to the equation tan x = > occur at

3

™ T . = . o , , ,
X = g or -6~. It vitanx + 1L = U, x can be soived
for as follows:

V3itanx +1=10

Vitanx+1—-1=0-1

V3tanx = —1
V3tanx 1
V3 V3
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tanx = ——=
anx \/5

V3
tan x = "'T

-

The solutions to the equation tan x = %% occur
Sar 1ir .
at x = 3 or e Therefore, the solutions to the

. ki
equation 3 tan’ x — tanx = 0 occur at x = 0, o

SR,
6977.’ 6, 65 *

9. a) Since cos 20 = 2 cos*§ — 1, the equation
5cos 2x — cosx + 3 = 0 can be rewritten and
factored as follows:
Scos2x —cosx+3=0
(5)(2cos’x —1) —cosx +3 =0
10cos’x =5 —~cosx +3=0
10cos’x —cosx —2 =0
(Scosx +2)(2cosx —1)=0
For this reason, either Scosx + 2 = 0 or
2cosx — 1 =0 (orboth). If Scosx + 2 =0, xcan
be solved for as follows:
S5cosx +2 =0

Scosx+2—-2=0-2
Scosx = —2
Scosx 2
s s
2
cosx = —2
The solutions to the equation cos x = —3 occur at
x = 1.98 or 4.30.

[f 2cosx — 1 =0, x can be solved for as follows:
2cosx —1 =0
2cosx— 1 +1=0+1

2cosx =1
2cosx 1
2 2
i
cosx = =
2
The solutions to the equation cos x = % occur at
7 57 . . .
x = — or =. Therefore, the solutions to the equation
3 J
o
Scos2x — cosx + 3 = Qoccuratx = =, 1.98,

o |

30,00 7
4.30, or 3

b) Since cos 26 = 2 cos’ § — 1, the equation
10 cos2x — 8cosx + 1 = 0 can be rewritten and
factored as follows:

10cos2x —8cosx + 1 =0
(10)(2cos>x — 1) —8cosx + 1 =0
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20cos’x — 10 — 8cosx +1 =0
20cos’x — 8cosx — 9 =0
(IG0cosx — 9(2cosx + 1) =40
For this reason, either 10cosx ~ 9 =0 or
2cosx + 1 =0(orboth). If 10cosx — 9 = Q,
x can be solved for as follows:
10cosx —9 =0
10cosx—9+9=0+9

10cosx =9

10cosx i
10 10
cosx = o

The solutions to the equation cos x = 15 occur at
x=0450r5.83.If 2cosx + 1 = 0, x can be solved
for as follows:

2cosx+1 =0

Zeosx+1—-1=0-1
2cosx = —1
2cosx 1
22
cosx = —2
The solutions to the equation cos x = —3 occur at

2
3

3

4 - . .
x = — or —. Therefore, the solutions to the equation
)

5
10cos2x — 8cosx + 1 = 0Qoccurat x = 0.45, 5;71
4 2
-, or 5.83.

o)

¢) Since cos 26 = 1 — 2sin’ 8, the equation
4cos2x + 10sinx — 7 = 0 can be rewritten and
factored as follows:
4cos2¢ + 10sinx —7=0
(4)(1 — 2sin"x) + 10sinx =7 =0
4 —8sin*x + 10sinx —7=0
—8sin"x + 10sinx —3=0
(—1)(=8sin*x + 10sinx — 3) = (—=1)(0)
8sinx — 10sinx +3 =0
(4sinxy — 3)(2sinx — 1) =0
For this reason, eitherdsinx — 3 = 0 or
2sinx — 1 =0 (orboth). Ifdsinx — 3 = 0, xcan
be solved for as follows:
4sinx — 3 ={

4siny —3+3=0+23
dsiny =3
dsinx 3
4 4
o]
. 3
sinx = —
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The solutions to the equation sin x = 2 occur at

—b = Vb? - dac

x=0850r229.If2sinx — 1 = 0, xcan be solved ¢~ 2
for as fgllows: —(~8) + \/(wg)z 48y (1)
2sinx —1=90 = g
2sinx—~1+1=0+1 2(8)
2sinx =1 8+ V6I— 3
Zsinx _ 1 16
2 2 8+ V32
o1 16
sinx = =
2 _8x4V2
The solutions to the equation sin x =  occur at - 16
T  Su . .
X = Lo Therefore, the solutions to the equation 2+ N2
4cos2x +10sinx —7 =0occuratx = % 0.89, B 4

S
~—_or 2.29.
6

d) Since cos 26 = 1 — 2sin” 6, the equation
—2 cos 2x = 2 sin x can be rewritten and factored
as follows:
—2¢cos2x = 2sinx
(=2)(1 — 2sin’x) = 2sinx
~2 4+ 4sin’x = 2sinx
—2 +4sin’x — 2sinx = 2sinx — 2sin x
4sinx — 2sinx ~2 =0
(2)(2sinx + 1)(sinx — 1) =0
For this reason, either 2sinx + 1 =0 or
sinx — 1 =0 (orboth). f 2sinx +1 =0, x can
be solved for as follows:
2Zsinx +1 =20

2sinx+1-1=06-1
2sinxy = —1
2sinx 1
22
1
sinx = —>
The solutions to the equation sin x = —3 occur at
x = %T or %7—7 If sinx — 1 = 0, x can be solved

for as follows:

sinx —1 =0
sinx —~1+1=0+1

sinx =1

The solution to the equation sin x = 1 occurs at
X = % Therefore, the solutions to the equation
7w Tw 11
5, “6—, or —g~
10. To solve the equation 8 sin x — 8sinx + 1 = 0,
first substitute § for sin x. The equation then becomes
867 — 80 + 1. Next, use the quadratic formula to
solve for 9 as follows:

—~2cos2x = 2sinx occur at x =

7-48

= (.1464 or 0.8536
Since 6 = (0.1464 or 0.8536, sinx = 0.1464 or
0.8536. If sinx = 0.1464, x = 0.150r 2.99. If
sin x = 0.8536, x = 1.02 or 2.12. Therefore, the
solutions to the equation 8sinx — 8sinx + 1 =0
occur at x = (.15, 1.02, 2.12, or 2.99.

11. Since the solutions of the quadratic trigonometric
. 5 T ow T
equation cot” x — bcotx + ¢ = 0 are or e and

S .
-4’*, the cotangent of these solutions must be found.

7 T . .
The cotangent of both 36: and % is /3, while the

cotangent of both % and 5{'— is L. For this reason,
cotx = V3andcotx = 1,50 cotx —V3 =0
and cotx — 1 = 0. If the factors cot x — V3
and cot x — | are multiplied together as follows,
the quadratic trigonometric equation
col"x — beotx + ¢ = 01s formed:
(cotx — V3)(cotx — 1) =0

cot? x — V3cotx — cotx + (=1)(=V3) =0

cot? x = (1 + V3)cotx + V3 =0
Therefore, b = 1 + V3 and ¢ = V3.
12. It’s clear from the graph that the quadratic

trigonometric equation sin® x — ¢ = 0 has solutions

atx = 227 27
T

. . T 37
solutions must be found. The sine of both 2 and e

T .
, and e so the sine of these

. \A . . R S T . 5
is sz while the sine of both -4'— and ?’ is —%.

. . 3 . /3
For this reason, sin x = 2 and sinx = — %, so

I\)k<

sinx — %* = 0 and sin x + %2 = 0. If the factors
sin x — % and sin x + 4 are multiplied together

-
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as follows, the quadratic trigonometric equation
sin® x — ¢ = 0 is formed:

(sms =5 fams - 57) =0
Sinx — 5 Sin x 3 =

- S V2o
Sin“Tx — —Sinx —Sinx
2 2

(22

Therefore, ¢ = 1.

13. To solve the problem, first the zeros of the function

h(d) = 4 cos* d — 1 must be found as follows:
h(d) = 4cos’d — 1

0=4dcos*d — 1

(2cosd — 1}(2cosd + 1) =0

Since (2cosd — 1)(2cosd + 1) = 0, either

2cosd —1 =0o0r2cosd + 1 =0 (or both). If

2cosd — 1 = 0, d can be solved for as follows:

2cosd —1 =20
2cosd~-1+1=0+1

2cosd =1
2cosd 1
2 2

1
cosd—g

The solutions to the equation cos d = } occur at

d—hor—— If2cosd + 1 =0, d can be solved

for as tollows
2cosd +1 =0
2cosd+1—-1=0-1

2cosd = —1
2cosd 1
2 2
cosd = ——
2
The solutions to the equation cos d = —3 occur at
2 dgr
d= -71 or EE Therefore, the zeros of the function

7 2 47 St
h(d) =4cos’d — lareatd = =, ERELALES
> . 3 D

With the zeros known, the 27 stretch of rolling hills
can be broken down into the following regions:

Advanced Functions Solutions Manual

2w 2 47r47T S
d<——< < —— <d<— < d < —
373 d 3'3 <d 3 d 3

S5 .
a> 3 First, the region d < E can be tested by

finding h(%) as follows:

(5) = ee§)
~(3)

3
:4— — = — =
(4) 1=3-1=2

Since h(g—) is positive, the height of the rolling

hills above sea level relative to Natasha’s home is
.. . . w .
positive in the region d < 3 Next, the region

3
follows:

(5)-ee(3)

=40 —1=4(0) - 1
=0-1=-1
. wN . . - .
Since h(;) is negative, the height of the rolling

T<d< 2?77 can be tested by finding h(g) as

hills above sea level relative to Natasha’s home is
. .om 21 .
negative in the region 3 <d< ER Next, the region
2{5 <d< %71 can be tested by finding A(7r) as
follows:
h(1) = dcos*(m) — 1
=4(-1y -1=4(1)—-1
=4-1=3
Since () is positive, the height of the rolling hills
above sea level relative to Natasha’s home is positive

. . 27 dar .
in the region —; < d < —. Next, the region
J

417 3
l < d < can be tested by finding h( :) as

llows,

37 o 3
h(~—2~> = 4 cos <7> -1
1

= 4(0)* -
=40)—-1=0-1=—1

. 3wy . . . . .
Since h(—;) is negative, the height of the rolling

47 57
negative in the region —— < d < —

3 i

. Finally, the
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S . 11
region d > %7: can be tested by finding h(-éz)

as follows:
ISAN o 11m
h<6>—4cos<6> 1
\/3‘)2
=4 —] =1
(3

3
=4>)-1=3-1=2
(5

Since h(l%) is positive, the height of the rolling
hills above sea level relativse to Natasha’s home is
positive in the region 4 > —;—T« Therefore, the

intervals at which the height of the rolling hills
above sea level relative to Natasha’s home is

negative are %km <d< z;km and
3
14. Since sin’ 6 + cos’ @ = 1, orsin?6 = 1 — cos® 4,
the equation 6 sin® x = 17 cos x + 11 can be
rewritten and factored as follows:
6sin’x = 17 cosx + 11;
6sinx — 17cosx — 11 =17 cosx + 11
- 17cosx — 11;
6sinx —17cosx — 11 =0;
6(1 — cos’x) — 17cosx — 11 = (;
6 —6cos’x — 17cosx — 11 = Q;
—6cos’x — 17cosx — S =0;
(—1)(=6cos’x —17cosx — 5) = (—1)(0);
6cos’x +17cosx + 5 =10;
{(2cosx + 5)(3cosx + 1) =0
For this reason, either 2cosx + 5 = 0 or
3cosx +1=0.If2cosx + 5 = 0, x can be solved
for as follows:
2cosx +5=40
2cosx+5—-5=0~-5

S
km <d < ~§—km.

2cosx = —35
2cosx 5
2 2

5
cosx——z

Since cos x can never equal —3, the factor 2 cos x + 35
can be ignored. If 3cos x + 1 = 0, x can be solved for
as follows:
3Jcosx+1=0
3cosx+1—~1=0-1
3cosx = —1

7-50

3cosx 1
3 3
1
cosx = —=
The solutions to the equation cos x = —3 occur at

x = 1.91 or 4.37. Therefore, the solutions to the
equation 6 sin®x = 17 cos x + 11 occur at x = 1.91
or 4.37.
15. a) Since sin* 6 + cos’ 8 = 1, or
sin® @ = 1 — cos? 8, the equation
sinx — V2cosx = cos’x + V2cosx + 2
can be rewritten and factored as follows:
sin?x — V2 cosx = cos’x + V2cosx + 2:
1 —cos?x — V2cosx =cos’x + V2cosx + 2
1—cos’x — V2cosx — cos’x — V2cosx — 2
=cos’x +V2cosx+2—cos’x — V2cosx —2;
1 — cos’x —~ V2 cosx — cos’ x
—V2cosx ~2=0;
—2cos?x —2\V2cosx — 1 = 0;

1
<——2~>(—2 cos’x —2V2cosx — 1) = 0;

1
cos?x + V2 cosx + 5= 0;

V72
cosx+7 = (

. 3\2 5
Since (cos x + %‘) =0.cosx + %* = 0. For
this reason, x can be soived for as follows:

V2
cosx +—=10
2
cosx 4 V2 V2 0 V2
x+——-——=0-—
2 2 2
V2
cosx = ————
2
The solutions to the equation cos x = —\76 occur

3w Sw . .
atx = 4 0TS0 the solutions to the equation

. 9 .3 o Y /A . A s
ST X = VZCOUS A = Cos'x T VZUeUs X 1 £ occur al
37 Sar
X =——0r —.
4 4

b) Since the period of the cosine function is 27, a
general solution for the equation in part (a) is

31 5
X = )—Z- + 2nar or ,4’1 + 2n, where ne L.
16. It is possible to have different numbers of solutions
for quadratic trigonometric equations because, when
factored, a quadratic trigonometric equation can be
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one expression multiplied by another expression or
it can be a single expression squared. For example,
the equation cos® x + 3 cos x + 3 becomes
(cosx + 1)(cosx + %) when factored, and it

2o
has the solunons —, T, and “T in the interval

O0=x=27.In compamson the equation

cos’ x + 2 cosx + 1 = ( becomes {cos x + 1)*
when factored, and it has only one solution, 7, in the
interval 0 < x < 2. Also, different expressions
produce different numbers of solutions. For example,
the expression cos x + 5 produces two solutions in

5o
the interval 0 < x < 2w < 3 ) and ( 3 ) because

cos x = —1 for two different values of x. The
expression cos x + 1, however, produces only one
solution in the interval 0 = x < 27 (7r), because
cos x = —1 for only one value of x.

17. To determine all the values of « such that

flx) = tan (x + a), first graph the functions

tan x cot x
y J = - d B = (‘
f(’c) 1 — tanx l — cotx and g() tan x
on the same coordinate grid as follows:
y T
8~
éd
4_
2_
> A
T (1]
_..2_ )
—4
6 |
_8_
¥

[t's apparent from the graphs that if the graph of the
function g(x) = tan x were translated % units to the

left, it would be the same as the graph of the function
fan x cot x

flx) = -

] — tanx I — cotx _
the graph of the function g(x) = tan(x + ‘44)

. For this reason,

would be the same as the graph of the function
fan x cot x

) = -

| — tanx

. The same is true for
| — cotx

S N .
e Therefore, the values of ¢ such that

\ll

4

flxy=tan(x + ¢)area = = ~ and

18. To solve the equaticn 2 cos 3x + cos2x + | = 0,

graph the function f(x) = 2
a coordinate grid as follows:

cos v + cos 2y + 1 on

Advanced Functions Solutions Manual

2 2

It’s apparent from the graph that the x-intercepts are

atx = 0.72, ;, T, ﬁi . and 5.56. Therefore, the
solutions to the equat;on 2cos3x +cos2x + 1 =0
occur at x = 0.72, Z:, T, ﬂ, or 5.56.

2tan @

— tan* ¢’
1 can be rewritten as follows:

3tan’ 2x = I;

ﬂ( 2 tan x )3
¥ =1
1 —tan“x

4 tan® x
3 3 - 1 =1;
] —tan“x — tan“x + fan" x

12 tan’ x

19. Since tan 26 = the equation

3tan’2x =

=1
I — 2tan’x + tan*x

1 —2tan’x + tan*x = 12 tan’ x:
| —2tan’x + tan*x — 12tan’ x = 12 tan® x
- 12 tan® x;
tan*yx — ldtan*x + 1 =0
At this point the quadratic formula can be used to
solve for tan’ x as follows:

-
—-b = NVb — dac

tan” x =
2a
() V(=14 - 4D
2(1)
4= V%3
N 2
4= V192
==
_14=8V3
= “_5___
=7 +4\V3
= ).07 1\01 1“9"%"
Since tan” x = 0.0718 or 13.9282. tan x = =0.2679

or £3.7321. Therefore. toul solutions for x are

v o= 13%75°.285%, or 345°. Also, since the value of
tan x repeats itself every 1807, four more solutions
for v are x = 105°, 165°, 195°, or 235°.
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20. To solve the equation V2sin 8 = V3 — cos 6,
first square both sides of the equation as follows:

V2sing = V3 — cos 6
(V2sin6)? = (V3 — cos 6)*
2sin6 =3 - V3cos 8 — V3cos 8 + cos’ o
2sin’8 =3 — 2V3cos 8 + cos’ @
Since sin’ 8 + cos’d = 1, orsin’# = 1 — cos? 4,
the equation 2 sin* 6 = 3 — 2V/3 cos § + cos’# can
be rewritten as follows:
2sin’8 =3 — 2V3 cos 8 + cos? 6,
2(1 — cos’8) = 3 — 23 cos § + cos’ 6;
2~ 2cos’f =3 —2V3cosh + cos’ 6,
2 —2cos’f — 2+ 2cos’ @
=3 - 2V3cosh + cos’h — 2 + 2cos’ b,

3cos’0 —2V3cosf+1=0
At this point the quadratic formula can be used to
solve for cos @ as follows:

-b * Vb? - 4ac
2a _
~(=2V3) = V(-2V3)2 - 4(3)(1)
2(3)
2V3 £ V12 - 12

i

cos 6

6
2V3 = V0

0_2v3 V3
6 3

Chapter Review, p. 440

1. a) Answers may vary. For example: Since
sin (7 — @) = sin 6, sin @ = sin (7 — ).

3 3
Therefore, sin ilOT~ = sin (7,- - Tg)
S [10m 3w\ T
=sin{—— — — | = sin —
\t0 " 10/ 7" 10

b) Answers may vary. For example: Since
cos (2o — 8) = cos 8, cos 8 = cos (27 — 6).
Therefore,

cos bm cos (2 6”)
o o — -
7 7

= COoS (—147T - @) = 8—7T'
7 7 = COS 7

7-52

¢) Answers may vary. For example: Since
—sin 6 = sin (7 + ),

. 137 ) < 1377)
—sin—- = sin{ 7w + —

7 7
= sin(zzi + &r_) = sinz—oi
7 7 7
Since sin § = sin (8 — 27),
. 20m . (207

sin T = Sin (T — 27r>

. (207 14w . b

= Sin (*7— - '7—> = sm—7—

1
Therefore, —sin ——3—7-7— = §in -6:;1

d) Answers may vary. For example: Since
—cos @ = cos (m + ),

eos 5T cos ()
COS7—-COS7T 7

= COoS <E~ + §1) = cos—l-—slz
7 7 7
Since cos 6 = cos (6 — 2m),
157 157
COS ——— = COS (—7—~ - 277)

=
ﬁc,(.léz_lffz)_cosz
TS\ T ) T

8w T
Therefore, —cos — = cos =

/ T
2. Since sin 8 = cos KG - 7), the equation

y = —35sin <x - g—) — 8 can be rewritten

y:~5cos<x—g—g>*8

= —5cos (x — ) — 8. Since a horizontal
translation of 7 to the left or right is equivalent
to a reflection in the x-axis, the equation

y = —5cos (x — m) — 8 can be rewritten

y = 5cosx — 8. Therefore, the equation
o

y = —Ssinx K‘E} — 8 can be rewritten

y=>5cosx — &
3.a) Sincesin (¢ — b) =sinacosb — cos asin b,

) ( 4w> ; o 4 os xS 4
SiIl X — — 1 =SinNx¢cos— — ¢ X S —
3 3 3

(sin x)(—%) — {cos x)(———\g—g)
V3 1
= 5 cosx — osinx

Chapter 7: Trigonometric Identities and Eguations
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b) Since cos (@ + b} = cosacos b — sin asin b,

N 37 37 . . 3w
costx +— | = Cosxcos—— — sin x Sin —
4 4 4

) - ol

~~\/zcosx - ~\~/—zsinx
2 2

tanag + tan b

1 —tanatanb’

ar
tan x + tan 3

tanlx + — | = ——=x
( 3) lmtanxtang

_ tanx + V3
1~ (tanx)(V3)
_ tanx + V3

1-V3tanx
d) Since cos (a — b) = cosacos b + sinasin b,

cos <x - %})
={cos x)(cos %) + (sin x)(sin 5%)
={cos x)<~l2(2—> + (sin ,x)<—-\—2/—§>

V2 V2
= = COS X — ——Sinx

2 2

4.a) Since tan (a + b) =

i

¢) Since tan (a + b) =

tana + tan b
1 —tanatanb’

a Tm
tan12+tan4 ( (W +77r>
= fan{ —— + —
Tm 12 4

I — tan-—ta
— tan — n—
oy

= tan(l + 2}1) = tan“z‘g*i: tan — = —
12 12 12 6
b) Since cos (a + b) = cosacos b — sinasin b,
T 197 T 197

COSgCOS ’I“é“ - Sm*g*sm—I‘é“

. (£+1??Z> ~COS(2_W+£9_ZT_>
AT 18 18
217 T V3

:COS"I%'“:COS“E’:“ 3

V3
3

5. a) Since sin 26 = 2sinf cos 4,

T T T 27
. i o YRR
2 sin I cos e sin ((_)<12>>5m 0
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b) Since cos 26 = cos’# — sin®6,

2 T a2 T o
cos 5 s 0 cos<(2)<12>>

.
= Cos 2 os G 5
¢) Since cos 20 = 1 — 2 sin%6,
.53 3
1-2 sz?w = cos<(2)<—§~>)
= cosé—w-— 005—3-—75* ——\-—/_-%
8 4 2
d) Since tan 26 = 2ta—neﬂ
- 1 — tan“6
2 tan —-
6 my T
W = tanZ(g> = tan-3~ = \/g

6. a) Since sin x = 2, the leg opposite to the angle
x in a right triangle has a length of 3, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

2

F¥+yP=5

: 9+ y* =25
9+ —-9=25-9

y: =16

y = 4, in quadrant [
. adjacent le
Since cos x = }___g’ COSx = —,
hypotenuse 5

Therefore, since sin 2x = 2 sin x ¢OS X,

sin 2x = (2)(%)(-2) = %

Also, since cos 2x = cos’x — sin’x,

5 ..(f)z_(é)z“ié_j{“l
oS =15 s) T 25 25 25

opposite leg

Since tan x = — Jtanx =3
adjacent leg

. 2 tan x (D)3
Since tan 2x = ——————— tan 2x = ——<~):
I — tan"x 1 - (;)'

T T L1624

9 T 16 __ 9 3 TN T

l-% %% 2 7 7

16 il
b) Since cot x = —;. the leg opposite the angle
x in a right triangle has a length of 24, while the leg
adjacent to the angle x has a length of 7. For this
reason, the hypotenuse of the right triangle can be
calculated as follows:

T+ 24t =

49 + 576 = ¢
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625 = ¢
c =125

. . opposite leg 2 .
Since sinx = P28 gin v = 2 and since
hypotenuse -
adjacent le 5
cosx = ~L-*—‘~g, cos x = —s5z. (The reason
hypotenuse =

the sign is negative is because angle x is in the
second quadrant.) Therefore, since

24 7
sin 2x = 2sin x €OS X, sin 2x = (2)<§§><—~2—§>
= — 33? Also, since cos 2x = cos’x — sin’x,

625

5 ._<_l>2_<2§_>2_£9__§.7_6,___5_2_7
oS 2X =4 735 5) T 625 625 625

Si t / t 2
meecotx = ———, tanx = ——
24 7.
_ 2tanx
Since tan 2x = ————,
1 — tan"x
ol-3) -4 _ -%
tan 2x = :lgy_ﬁ_:ﬂ_ﬂé
| — (M;;_L>z 10 19 49
-—i; 48 49 336
T TE T T X5 T
- 7 527 527

12

¢) Since cosx = {3, the leg adjacent to the angle x
in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as foliows:

.

o+ 12 =13

'+ 144 = 169
X+ 144 - 144 = 169 — 144
x* =25
¥ =5
Since sinx = Opposite leg sinx = —. (Sine is

hypotenuse
negative because x is in the fourth quadrant.)
Therefore, since sin 2x = 2sin x cos x,

5 12 120 .
sin 2x = (2)<—~1—§><E> = " Teo Also, since
cos 2x = cos’x — sin’ x,

NN
* T3 13

425 119
169 169 169

opposite leg

It

5

Finally, since tanx = tanx = —33.

adjacent leg’
(The reason the sign is negative is because angle x

is in the fourth quadrant.)
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. 2tanx
Since tan 2x = ————3—,
1 — tan“x
5
@)(-3)
tan 2x = —— <53
1= (%)
3 3 _3
_ 6 _ 6  _ "6
T T _x T
144 34 144 144

5,14 120

6 119 119

7. a) Since sin 26 = 2 sin § cos 6, and since

cos20 = 1 — 2sin® 6, tan 2 = Snit - 29 XCOS

] cos2x 1 — 2sin*x’
2sinxcosx . . .

Therefore, tan 2x = oo, isa trigonometric

identity.

b) Since 1 + tan’ x = sec’ x, sec’ x — tan’ x = 1.

Therefore, since sec’ x — tan’x = lisa

trigonometric identity, sec” x — tan’ x = cos x must

be a trigonometric equation, because cos x does not

always equal 1.

¢) Since 1 + cot’ x = csc’ x, csc? x — cot> x = 1.

Therefore, since sin® x + cos®> x = 1,

csc? x — cot® x= sin® x + cos’ x is a trigonometric

identity.

d) Since tan’x = 1, tanx = = 1. Therefore, since

tan x does not always equal —1 or 1, tan” x = 1

must be a trigonometric equation.

— sin? x

. .. o1
8. The trigonometric identity ——5— = 1 = cos’ x
cot™ x

can be proven as follows:

1 — sin® x s
" =1 - cos’x
cot’ x
cos® x s
— =1 — cos x
cot” x
cos’x . 5
—— = cos® x
sin? x
(cos? x)(sin’® x) S
Al = | = c08T
cos® x
sinx = 1 — cos® x
1 —co?y=1—codx

9. The trigonometric identity
2sec?x — 2tan?x .
————————— = gin 2X $€C X Can be proven as
CsC X

follows:
2sec’ x —\2 tan’ x

csc sin 2x sec x
2(sec’ x — kan®x)

5,

csCx

i

sin 2x sec x
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2
ﬁ\l = sin 2x sec x

L= Sin 2x sec x

2 sin x= sin 2x sec x
2sin x cos x

sin 2x sec x
cos x
sin2x
= sin 2x sec x
cos x

sin 2x sec x = sin 2x sec x

10. a) The trigonometric equation -S—I%: +10=6

can be solved as follows:

2
; +10=26
sin x
2
: +10-10=6 - 10
sin x
2
== 4
sin x
—4dsiny = 2
—4sinx 2
—4 —4
. 1
Sinx = —-
2
The solutions to the equation sin x = —3 occur at
=T U
x = or =~

. . . Scotx
b) The trigonometric equation === + I=—

can be solved as follows:
Scoth7‘ 1
2 3 6
IS5cotx 14 1
= D
6 6 6

—15cotx + 14 = ~1
—15cotx+ 14 —ld=-1~14
—15cotx = —~15
—15cotx —15

-15 -15

cotx =1

The solutions to the equation cot x = 1 occur at
T ST

x=or
¢) The trigonometric equation
+ 10secx — 1 = — 18 can be solved as follows:
+ 10secx — 1 = —18
2+ 10secxy = —18
+ 10secx -2 =—-18 -2
10secx = =20

It

[FS R S]

3]
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10secx 20
010
secx = —2
The solutions to the equation sec x = —2 occur at
20 4w

X =—"0r—.
3 3

11. a) The equation y* — 4 = 0 can be solved as
follows:

yri—4=0
y-2)y+2)=0
Since (y — 2)(y + 2) = 0, eithery —2 =0 or
y+ 2 =0{orboth). If y — 2 = 0, y can be solved
for as follows:

y—2=0
y—=2+2=0+2
y =2
If y + 2 = 0, y can be solved for as follows:
y+2=0
y+2-2=0-2
y=—2

Therefore, the solutions to the equation y* — 4 = 0
arey = 2ory = —2.
b) The equation csc’ x — 4 = 0 can be solved as
follows:

csc’x —4=0
(cscx — 2)(escx + 2y =0
Since (cscx — 2){(cscx + 2) = 0, either
cscx — 2 =0orcscx + 2 = 0 (or both). If
cscx — 2 = 0, x can be solved for as follows:

cscx — 2 =40

cscx ~2+2=0+2

cscx =2
The solutions to the equation csc x = 2 occur at
T 5
x=cor —671 If cscx + 2 = 0, x can be solved for
as follows:

cscx +2 =0

cscx +2—-2=0~-2
cscx = —2
The solutions to the equation cscx = —2 occur at
T 1w . .
x== or -64 Therefore, the solutions to the
3
equation ¢sc” 4 =0 t 7 w7
pvation csc-x — 4 = Qoccuratx = —, —, —,
4 6 6 6
or Hm
P

12. a) The equation 2 sin” v — sinx — 1 = 0 can
be solved as follows:

2sin"x —sinxy — 1 =0
(Zsinx + )(sinxy — 1) =40
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Since (2sinx + 1)(sinx — 1) = 0, either

2sinx +1 =0orsinx — 1 = 0 (or both). If

2sinx + 1 = 0, x can be solved for as follows:
2sinx+1=20

2sinx+1-1=0-1
2sinx = —1
2sinx 1
2 2
. 1
sinx = ~3
The solutions to the equation sin x = —3 occur at
= zg— or HTW Ifsinx — 1 = 0, x can be solved for

as follows:
sinx —1=20
sinx ~1+1=0+1
sinx = 1
The solution to the equation sin x = 1 occurs at

X = % Therefore, the solutions to the equation

. . 7
2sin’x — sinx — 1 = 0 occur at x = —, —,
- 276
Orllu
o

b) The equation tan” x sin x — -SL;—X = 0 can be

solved as follows:
sin x
3

- .
(sin .x‘)(tan' X - ;) =
3,

- V3 V3
(sinx){tanx — — J{tanx + — ] =
) \ 2

Since (sin x)(tan x — *2)(tan x + \”) =0, either
sinx =0, tanx — 2 =0, or tanx + 2 = 0. The
solutions to the equation sin x = 0 occur at x = 0,

=90

ol .
tan"xsmx —

ar, or 2. f tan x — —\3[% = (J, x can be solved for as

follows:
tanx — —— =0
an x 3
V3 \/3 V3
tanx — —(— + —— = 0+ =
3 3 2
{a \/:’;
nx =—
3
7-56
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The solutions to the equation tan x = > occur at

7 =
x = % or —;r— If tan x + %2 = 0, x can be solved for

~ as follows:

3
tanx + — = 0
an x 3

taanLﬁ*-ﬁ“O“*—\{'§
3 3 3

S

tanx = ——
3
The solutions to the equation tan x =
5 1im
atx = — or P Therefore, the solutlons to the

6
sin x
equaﬁon tan® x sin x — = = 0 occur atx = 0, -

St Twllm
6" 6" 6

¢) The equation

" (1— \/i) V2
cos™ x + B cosx — — =0

4
can be solved as follows:

5 1- V2 V2
cos™ x + —————2———— cosx—TZO

s o3
COS x > COS x 5 =

Since (cosx - —V;)(cos x + ) = (), either

Cos x —-2\@ = Q orcosx + & = 0 (or both). If

COS X — ;;2 = {J, x can be solved for as follows:

COS \/z
X - — =
2 —_
V2 \/2 V72

COS&—T 2 H 3

\/3

6’

COSx = ——
2

31

The solutions to the equation cos x = —¥* occur at

ki

7
x=7 or f. Ifcosx + % = (J, x can be solved for

as follows:

cosx +—=20

1
i

cosx + - —

[N R [\)|>—A

= (J —

cos 1
X = —=
2

The solutions to the equation cos x = —1 occur at

2 4
x = or — . Therefore, the solutions to the

3 3
equation cos? x + (*= V2

(3]
(NSRS

)cosx—-“—(}
T 27 47r T

occuratx = —, —, —, Of —.
4 373 4
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d) The equation 25 tan® x — 70 tan x = —49 can be
solved as follows:
25tan’x — 70 tanx = —49
25tan’x — 70tanx + 49 = —49 + 49
25tan’x — 70tanx + 49 =0
(Stanx — 7)* =
Since (Stanx — 7)* = 0, Stan x — 7 = 0. For this
reason, x can be solved for as follows:
Stanx — 7 =0

Stanx — 7+ 7=0+7

Stanx =

Stanx

S

tanx =

]~ -3~

The solutions to the equation tan x = £ occur at
x = 0.95 and 4.09. Therefore, the solutions to the
equation 25 tan® x — 70 tan x = —49 occur at

x = 0.95 or 4.09.

13. Since 1 + tan® x = sec’ x, the equation

i .
-~ = 0§ x can be rewritten and factored as

1 + tan’ x
follows:
1
——————— = - C0S X
1+ tan’x
i
—— = —COS X
sec? x
cos’x = —COoS x
cos®x + cosx = —cosx + COS X

cos’x + cosx =0
(cosx)(cosx + 1) =0
Since (cos x)(cosx + 1) = 0, either cosx = 0 or
cos x + 1 = 0 (or both). The solutions to the
equation cos x = 0 occur at x = g— or in If
cosx + 1 = 0, x can be solved for as follows:
cosx +1=0

cosx+1—-1=0-1
cosx = —1
The solution to the equation cos x = —1 occurs at

x = 7r. Therefore, the solutions to the equation
i T 37
= —COos.xoccur atx = ., of

| + tan®x

Chapter Self-Test, p. 441

I. The identity

I —2sin’x . X X
—————— 4+ 28in T CO$ = = COS X
cosx + sinx 2 2
can be proven as follows:

Advanced Functions Solutions Manual

1 — 2sin’x X X
e ) SIN < COS T = COS X
cos x + sinx 2 2
1 — 2sin’x .
e L b QI X = COS X
cCosSx + sinx

1 - 2sin’ x , , .
-+ Sl X — SINX = COSX — SIn X
cos x + sinx

1 - 2sin’x A
—————————— = COS X — SIN X
cosx + sin x
1 — 2sin’x = (cosx — sin x)

X {cos x -+ sin x)

cos 2y = {cosx — sin x)
X (cos x + sinx)
€os 2x = cos® x — sin® x

€0s 2x = cos 2x
2. Since cos 20 = 1 — 2 sin” 6, the equation

cos 2x + 2sin’x — 3 = —2 can be rewritten and
solved as follows:

cos2x + 2sinfx — 3 = —2
1 —2sin’x +2sinx -3 = -2
-2==2
Since —2 always equals —2, the equation
cos 2x + 2sin° x — 3 = —2 is an identity and is
true for all real numbers x, where 0 = x = 27.
3. a) The solutions to the equation cos ¥ = —¥°
. T 198+
oceur atx = - or ——.
b) The solutions to the equation tan x = — V3
occur at .y = %Ti or ‘—F
¢) The solutions to the equation sin x = ~~\;~3 oceur
57 T
at x = -4“ or T

4. Since the quadratic frigonometric equation
acos’x + bcosx — 1 = 0 has the solutions

7

13

LT,

S L. . . )
and —— the left side of the equation must have
3
factors of cos ¥ — % and cos ¥ + 1. This is because

. LT S . -
the cosine of — and —/— is 1 and the cosine of 7
Rl

is — 1. For this reason. the quadratic trigonometric
equation can be found as follows:

1
<cos X - ;)(COS x+1)y=40
3 l .
€COS™ X = = COS X + COos ¥ —

=0

5 1
cos x + SCosy —

[0 [ — D ‘ o
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(2)(005 x + %cosx - E) = (2(0)

2cos’x +cosx — 1 =0
Therefore,a = 2 and b = 1.
5. Since the depth of the ocean in metres can be

modelled by the function d(¢) = 4 + 2sin (%t),
when the depth is 3 metres, 3 = 4 + 2sin (%l)

The equation 3 = 4 + 2sin (gz‘) can be solved as

follows:
A, . <w
3 =4+ 2sin —6~[>
3—4=4+25m<—r’-z>—4
1 = 2sin| —
- Sm(gl‘)
kil
1 <E’)
202
sin (If) = L
6 2
sin”! (sin (sz = sin”! (—i)
6 2
7 Jm 1w
6 6" %
it gz = 7«6‘1 an be soived for as follows
o . /7T
g _
2)F)-
)= ( J7)
f =
If ~t = -—6—7: can be solved for as follows:
33{ 1177
6
(67 _ /6\/“”\
\m/\6 ) \m/\ 6 )
=11

Therefore, two times when the depth of the water is
3 metres are t = 7 hor 1 h. Also, since the period

of the function d{(t) = 4 + 2 sin(%t) is

2
—‘W = (2#)(%) = 12 h, the depth of the water is

ki
6
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alsoat3metresatr =7 + 12 = 19 hor at
t=11+12=23h.

. . 11 .
6. Nina can find the cosine of TW by using the
formula cos (x + y) = cos x cos y — sin x sin y.

. . . T . 2]
The cosine of 7 is — 1, and the cosine of—4- is %

Also, the sine of 7 is 0, and the sine of 777{ is
2 Hm Rl
5=. Therefore, cos ;= cos (7r + 2 )
“1IX—]—-{0X ——
2 2

:w—————oz__

il

7. The equation 3 sin x + 2 = 1.5 can be solved as
follows:

3sinx +2=1.5
3sinx+2-2=15-2

3sinx = —0.5
3sinx 05
3 3
sinx = —0.1667
The solutions to the equation sin x = —0.1667

occur at x = 3.31 or 6.12.

8. Since tan a = 0.75, the leg opposite the angle «
in a right triangle has a length of 3, while the leg
adjacent to angle « has a length of 4. For this
reason, the hypotenuse of the right triangle can be
calculated as follows:

34+ 4=z
9+ 16 = 7?
25 = 7?
z=35
. adjacent le ; .
Since cos @ = B g g = 3. Also, since

hypotenuse’

opposite leg

sing = in @ = 2. In addition, since

hypotenuse’
tan B = 2.4, the leg opposite the angle 3 in a right
triangle has a length of 12, while the leg adjacent to
angle f has a length of 5. For this reason, the
hypotenuse of the right triangle can be calculated as
follows:

122 + 52 =72
144 + 25 = 7°
169 = z2
z=13
. adjacent le 5 .
Since cos B = ———“h;pownuseg, cos B = 5. Also, since
. ite | 2 .
sin B = w, in 3 = ——. Therefore, since
hypotenuse 13
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sin (a — b) = sinacosbh — cosasin b,
sin (¢ — B) = sinacos B — cos asin 3

BB - G5 -85

Also, since cos(a + b) = cosacos b — sinasinb,

cos(a + B) = cosacos B — sinasin B

(65)-(0E)-2 2

9. a) Since sin’ x = 3, and since the angle x is in

. /i
the second quadrant, sin x = \/% = 3\73 =

L[

Since sin x = %, the leg opposite the angle x in a
right triangle has a length of 2, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:

24 (22 =3
*+4=9
+4—-4=9—-4

=5

x=V5

adjacent leg

i

Since cos x , and since the angle

hypotenuse
X3 Since

x 1s in the second quadrant, cos x = -
sin 26 = 2sin 6 cos B,
sin 2x = 2sinxcos x

5)(-%)

4V5s
.
b) Since sin® x =

|

%, and since the angle x is in the
sin x = 3, the leg opposite the angle x in a right
triangle has a length of 2, while the hypotenuse of
the right triangle has a length of 3. For this reason,
the other leg of the right triangle can be calculated
as follows:

S 2y=3

W

second quadrant, sin x Since

v +4=9
XA 4-4=9-4
=5
x=V3

adjacent leg

Since cos x = . and since the angle

hypotenuse
v is in the second quadrant, cos x = —%%. Since
cos 26 = cos” # — sin” 6,
cos 2x = cos”x — sin® x

Advanced Functions Solutions Manual

Vs\: /2
-(-%7)-0)
5
979 9
(The formulas cos 20 = 2cos* @ — 1 and

cos 26 = 1 — 2 sin? @ could also have been used.)
¢) First note that because x is in the second quadrant,

i

X . . . .
5 isin the first quadrant, where the cosine is

4

positive. Since sin’ x = §j, and smce the angie xisin

the second quadrant, sin x = §= % = 3,

Since sin x = %, the leg opposite the angle x in a
right triangle has a length of 2, while the hypotenuse
of the right triangle has a length of 3. For this
reason, the other leg of the right triangle can be

calculated as follows:
X2+ (2 =3

x>+4=9
X+4-4=9-4
xX=5

x=\5

adjacent leg

Since cos x = , and since the angle
hypotenuse
x is in the second quadrant, cos x = ~Y5 Since

cos 20 = 2cos’ 6 — 1, c059:2coszg — 1, and

since cos x = —5, — 5 =2 cos"—z'- — 1. The value

N X .
of cos 5 €an now be determined as follows:

5 L, X
——— =2cos" - — 1
3 2
Vs ,
—-;*“4‘1—2(:08”—_1“1”1
D 4
3—-V5 X
= 2cos =
3 2
(3 ~‘\/§\ ~ ZCOS?' %
2 2
, X 3-V5)
cos”
2 6
x~/F3—v&
cos = = /|2~ =2
2 N 6
d) Since sin” x = 3. and since the angle x is in
the second quadrant, sinx = \/§ = T% =1

Since sin x = 3. the leg opposite the angle x in
a right triangle has a length of 2, while the
hypotenuse of the right triangle has a length of 3.
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For this reason, the other leg of the right triangle
can be calculated as follows:

x+ (22 =32
X+4=9

P +4-4=9—-4
=5

x=\5

adjacent leg

Since cos x = , and since the angle
hypotenuse
x is in the second quadrant, cos x = ~l§ Since

sin 30 = 3cos? @ sin§ — sin’ 6,
sin3x = 3cos®xsinx — sin’ x

) ()
o))

30 8 22
21 27 27
10. a) The equation 2 — 14 cosx = —5 can be
solved as follows:
2—1ldcosx = -5
2—-1dcosx—2=-5-2

—ldcosx = =7
~ldcosx -7
~14 14
1
COsSx = 5

7-60

From the graph, the solutions to the equation
cosx = Loccuratx = =% ~T T 37

2 37 3737 37

b) The equation 9 — 22 cos x — 1 = 19 can be
solved as follows:

9—-22cosx—1=19

8§ ~22cosx =19
8§ —22cosx — 8 =19 ~ §

—22cosx = 11
—ZZCosx_ 11
~22 =2
COsSx = *‘2~

From the graph, the solutions to the equation

| dm 2w 2m 4w

COSx = —soccur at x = —— r—.

2 06C 3030309
¢) The equation 2 + 7.5 cos x = —5.5 can be solved
as follows:

2+ 75cosx=-55
2+75¢c0sx —2=-55~-2
TS5cosx=—-75

75cosx =75
75 15
cosx = —1
From the graph, the solutions to the equation
cosx = —1 occur at x = — and .
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